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� � � �� � � � � � � � 	 �� � � � �� �� � � � �� � � �� �� � c : X × [0,1] → {0,1} �

� �� � � � D �� X × {0,1}

Ex,y∼D(D(y|x) − � � � 	 �� � c(x))
2

≤ e( � � � 	 �� � (D), c) − min
c′

e( � � � 	 �� � (D), c′)

� � � � � � � � � � � � � � �� �� �� � � D(y|x) � � �� � �� � � �� �� � e( � � � 	 �� � (D), c)

� � � � � � �� � � � � � � � � � � �� �� �� � � � � D(y|x) �
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� � � �� � � � � � � � � � � � � �
 �� � �

� � � �
 � �� �� � �� � �� 
 � � 1
2 � � �

e( � � � 	 �� � (D), c) − minc′ e( � � � 	 �� � (D), c′)

= 2Ep,(x,y)∼D|y−p|I(c(x, p) 6= y)−min{(1−p)D(1|x), p(1−D(1|x)}

� � � � 
 � � � � � � � � � � � � � �� � � 	 �� � �� � � �� � � � � �� � � �

= 2Ex,pEy∼D|x|y − p|I(c(x, p) 6= y) − min{(1 − p)D(1|x), p(1 −
D(1|x)}

� �� �� � x, p � � �� � �� c �� �� �
 � � � �� � �
 � � � �� �� �� �� 
 � � ! � �� � � � �

� � � � � � � �� �� �� 
 � � 2|(1−p)D(1|x)−p(1−D(1|x)| = 2|p−D(1|x)|

⇒
 � �� � � � � �
 � � � � �
 
 � � � �� � 2|p − D(1|x)| �



� � � � � � � � � � � � �� � � � � � � � � �� � � 
 � �� � �� � �� �� � �
 �� � � �� � � �

� � � 
 �� ε 	 �� �� � �� � �� � � � � �� �� � �� � 	 � 	 �� �� � � �� �� � � � �� �� � �� � 


� � � � � � 
 � � � � �
 
 �� � �� � c(x, p) �� �� � � �� � � � D(1|x) �� � � � � � � �� �

� � � � � �� � � 
 �� 
 �� � �� � �� � � �� � �� � � � � �� �� 	 �� �� � �� � �� � �

� �� � � �� � � �� p
 � � � �� � � D(1|x) �� � �� �� �� � �� �� �� �� � �� � � �� � � ��

� � � � D(1|x) � � �� � � � � � � � � � � � � � � �� �� �� � � �� � � � � �� � �� �

� �� 
 � � � � � �� �� � � � � � � � � � � � �� � �� � � �� �� �� � �� � �

⇒� �� � �� � �� ∆� � � � �� � � �� � � � �� �� � �� � �� 
 � � � � � � � �� � � � �

∫ D(1|x)+∆

D(1|x)
2|D(1|x) − z|dz = ∆2



� � � � � �� � � � �

� � � � 	 � �� � � � � � � � �� 
 � � � � �� � � � � � � � � �� �� 	 � � �� � � �� � � � �

�� � � � � � � � � � � � �� � � 
 �� �� � � �� � � � �

� � � � � �� �
 � 	 � �� � �� �� � �� � �� � � �� � �� � � �� � � �� � �� � �



� �� �� �� �� �� � 
 � � � � �
 �� � � � � 
 �� � � � � � � �

� �� � � �� � �� 
 � � � � � � � �� � � � � � �
 
 �� � �� 


� � � � � � � � � � 	 � 	 �� �� � � �� �� � � � �� 


� � 	 � � � �
 � � � � � � � � � � 
 
 �� � �� 


� � � � �� � �� � �� �� � � � � � � � 
 
 �� � �� 


� � � � �� � �� 
 � � �� � 
 � �� � �� � 








	 � � � �
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 �� � ��

• � � � 	� � � �� � � � � �� � D �� X × {1, ..., k} � � �� � X � � �� �� 	 ��

� � �� � � � �
 � �

• 	 � � � �
 � � � � � � � � � � 
 �� � cm : X → {1, ..., k} � �� �� �
 � ��

• � �� �� S = (X × {1, ..., k})∗ 
 � � � �� � �
 � � � � 
 � � � � �
 �� cm � �� �

� � �� � �� � �� � �� � �

e(D, cm) = Pr
(x,y)∼D

(cm(x) 6= y)









� � � � � � �� � � � �

� � � �� � 
 � � � � � 
 �� � � �
 � c(x, s) = cs(x) � 
 �� � � � � (Dm)� �� � �
 ��

� � �� � � 	 �� � �� �� 	 �� �� � �� �� �
 � � �� � �

� � � �� � � � �� � � � � � �� �� �� � � � �� � � � k � � � �� � �� � �� � 
 � � � � �
 �

� � � � � �� �� � c � � �� � � � Dm �� (x, ym) �
e(Dm,� � � � c) ≤ 4e(� � � � (Dm), c)

� � � � � � � � � �� � 
 � � � � �
 � � � � � < 1
4 	 �� �� � �� � � ⇒� � �� � ��

� � � � �� � �� � � � � � �� � � � 	 �� � �
 � �� � � � � � � � � � �� 1
2 � � � � 
 �� � �� � � � 1

4

� � � �� � �� � � � �� 	 � � � � � �� � � 
 � �� � � � � �
 � � �
 � �� � � � � �� � �� �

� � �
 � �� � � �� � � � � � � � � � � � � � �� � � � � � �� �







� � � 	 � 	 �� � �� �
 � � � �� � �� � �
 � �� � � �� � � � � � � �

� � � � � � � �� 
 � �� � � � � � � 	 �� � � � � �� �� � 	 � 	 �� � �� �
 �� �� �
 � � �� � �

� � �� �� �
 � � � � � l1
 � � � � �� � � 	 �� � 
 � � � � �� � �
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�� � � � � � �� � � � �

� � � �� � 
 � � � � � 
 �� � � �
 � c(x, s, p) = csp(x) � 
 �� �� � � � (Dm)�

�� � �
 �� � � �� � � 	 �� � �� �� 	 �� �� � �� �� �
 � � �� � �

� � � �� � � � � �� � � � � � �� �� �� � � � �� �� � k � � � �� � �� � �� � 
 � � � � �
 �

� � � � � �� �� � c � � �� � � � Dm �� (x, ym) �
e(Dm, �� � � � c) − min

c′
e(Dm, c′)

≤ 4
√

e( �� � � � (Dm), c) − min
c′

e( �� � � � (Dm), c′)

� � �� �� � 
 �� � � �� �� 
 � ⇒ 	 �� � �
 � � � � 
 �� � � �� �� 
 �

� � �� �� � �� � �� � � � � = 0.25 � � � � �� � �� �� � � �� � �� � � � � = 0.25
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� � b � � � � 	 �� � � 	 �� �� � �� � 	� � � � � � � �� �� 
 � 	 �� � � �� 
 � � � � �� � �

= b
2

� �� �� � � � 	 �� � l �

∑

b∈� �� �� � � � � 	 � � � �
� � � 	 �� � b( � �� 
 �� � � �� �� � l|x)

=
∑

b∈� �� �� � � � � 	 � � � �






∑

l′∈ � �� 
 �� � � �� �� � �

Dm(l′|x)







�� � � � � �� � � �� � �
 � 
 � � � � �
 �� � �

= b(Dm(l|x) +
1

2

∑

l′ 6=l

Dm(l′|x)) = b
Dm(l|x) + 1

2



� � � � � �� � �� �� �� � �� � �� �

� � � � � � � 	 �� � �� �� � � � � �
Ex,y∼D|D(1|x) − � � � 	 �� � c(x)|

≤
√

e( � � � 	 �� � (D), c) − min
c′

e( � � � 	 �� � (D), c′)


 �� b � � � � 	 �� � � 	 �� �� � �� � 	 � � � � �

	 � �� � � 
 � �� � � �� � � � � � � � �� �� 	 l1 � � � 	 � εb � � � �� � �
 � 
 � � � � �

�� � 	 �� � � � �� � 	 � |D(1|x)− � � � 	 �� � (x)| = ε � � � �� 
 � √
x � � 
 �� � �� �

� � �� � �� � l1 � � � 	 � bε ⇒
 � � � � �� � 
 � � � � � �� � �� � �� � � � � � � � � ��

4ε � �� � � � � �� � �� �� � � �



� �� � ��

� � � 
 �� � � � � � � �� � 	 � 	 �� � �� �
 � �� � �
 � � � � �� �� �
 � � �� �

∑

b∈� �� �� � � � � 	� � � �

p̂b = b
Dm(l|x) + 1

2

⇒ Dm(l|x) =
2

∑

b∈� �� �� � � � � 	� � � � p̂b

b
− 1

� � � �� � � � � � � �� � � � � � � � 	 � �� � 	 � � �

� � � �� � � � � �� � � � � � � �� �� �� � �� � � �� �� � c : X × [0,1] → {0,1} �� �� � � � Dm �� X × {1, ..., k}
Ex,y∼D(Dm(y|x) − �� � � � �

c(x))
2

≤ 4(e( �� � � � (Dm), c) − min
c′

e( �� � � � (Dm), c′))
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� � � � �� � �� 
 � � �� � 
 � �� � �� � 




� � �� � �� � �� �� � � � � � � �
 
 � � � ��

• � � � 	� � � �� � � � � �� � Dcs �� X × [0,∞)k � � �� � X � � �� �� 	 ��

� � �� � � � �
 � �

• 	 � � � �
 � � � � � � � � � � 
 �� � cm : X → {1, ..., k} � �� �� �
 � ��

• � �� �� S = (X × [0,∞)k)∗ 
 � � 
 � � � � �
 �� � �� � � � �� � �� � �
 � ��

� � � �

ecs(Dcs, cm) = E
(x,~̀)∼Dcs

[`cm(x)]



� �� � �� �� � � � � �� � �� � �
 � �� � � � � � � � � � � �

�� � � � � 
 � �� � �� � �� �� � ⇒ � � � �� � �� 
 � � � � � � � �� 
 � � � � �
 
 �� � ��

� �� �
 � � �� � �� � � � � �� � � � � � � � � 
 � � � � �� � �� M �

1 2 3 4

1 1 0 0

1 0 0 1

0101

Label

Su
bs

et



�� � � � � � � � � � � �� �� � �� � �� �� � �

� � �� ��� �� �	
 �
 � �� � �� � �� �� � �� � � � � � � S � �� � �� � �� 
 � � � � � � � ��

� � �� � �� � � � � �� �� � � A �

� � � �� � �
 � � � 	 � �� s� � 
 � �� 	 � � � � � � � � � � M �

� � � � �� (x, ~̀) ∈ S � � �� |~̀| = ∑

y `y �� � `s =
∑

y∈s `y �

� 	 � � �� � �� � � � t �� [0,1] �


 �� cst = A({(x, I(`s ≥ t|~̀|), |`s − |~̀|t|) : (x, ~̀) ∈ S}) �

� � � �� �� � {`st}



�� � � � � � � � �� �� �
 � � �� � � � �� �� � �

� � �� ��� �� �� 	 �� �
 � � � � �
 �� � {cst} � �� � � � � � x ∈ X �

� �� �� � miny EsEt [I(y ∈ s)cst(x) + I(y 6∈ s)(1 − cst(x))]



�� � � � � � � � � � � �

� � � � � � �� � 
 � � � � �
 �� � � �
 � � � � �� �� � � 
 ��

S′
st = {((x, s, t), y, i) : (x, y, i) ∈ Sst}

� � �� � � � �� � � � � �� � c = A(∪stS
′
st) �� � � � 
 � � cst(x) = c(x, s, t)

� � � �� � � � � �� � � � � � �� �� �� � � � �� � � � k � � � �� � �� � �� � 
 � � � � �
 �

� � � � � �� �� � c � � �� � � � Dcs �� (x, ~̀) �

ecs(Dcs, �� � � � c) − min
c′

ecs(Dcs, c
′)

≤ 4
√

(e( �� � � � (Dcs), c) − min
c′

e( �� � � � (Dcs), c
′))E

(x,~̀)∼Dcs
|~̀|



� � � � � � � � �� 
 � �� � � � � �
 � � � � � �� � � � �

� � Et [I(y ∈ s)cst(x) + I(y 6∈ s)(1 − cst(x))] =
E~̀∼D|x[`s]

E~̀∼D|x

[

|~̀|
] � � �� 
 � � ��

� �
 �� � � �� �� �� �

� � Es

E~̀∼D|x[`s]

E~̀∼D|x

[

|~̀|
] =

E~̀∼D|x[`y]

E~̀∼D|x[|
~̀|]

+1

2 � � �� 
 � � � � �
 �� � � � � �� � � �

� � � � � �� �� � �� � � � � �� � � � �� � �� � � � 
 � � � � � � � � � �� � � � � �� 
 �� � �� �

� � � �� � �� 
 � � � � � � � �� � � � � �� � � � � � � �� � �� t � � � �� � �
 � s �

� � � � �� � � �� � �� � � �� � �� �� t ⇒ �� �� � � � � � � � �� � � � � � � � � � � � � � �
 �



� � � � � �� � �� � �

� �� � � � �� � � � � � � � � �� �
 � � ��

⇒ Ex∼Dcs

(

� � �� �
 � (c, x, y)E~̀′∼D|x
[

|~̀′|
]

− E~̀′∼D|x
[

`′y
]

)2

≤ 4(e( �� � � � (Dcs), c) − min
c′

e( �� � � � (Dcs), c
′))E

(x,~̀)∼Dcs
|~̀|
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 � �
 � 


� � �
 � 
 � � � � � � � � � � � �� �� �
 � �
 � 


� � �� � �� ⇒ � � �� � � � 
 � � � � � � �� � O(log k) � � � � �� � �� �� �� � ��

� 	 �� � � � � �� � �
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 � � �� � 
 � �� � �� � ⇒
 � � � � �
 
 � � � �� �� �� � �

� � � � �� �� �� � � �� � � �� �

� � � � �� � � � �� � � ��� � �� �
 
 � � � � � � � � �� �� � � �� � � � � �� � �

� � � � �� � � � �� � � ��� � �� �� �
 � � �
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� � �� � �� 
 � � �� � 
 � �� � �� � � � � 	 � � �

D(o′, r|(o, a, r)∗) � 
 �� � �� � �� � � �� � 	 � 	 �� �� � � � 	 � �

� � o′, o ∈ O � � 	 � �� � � � � �� �
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