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Abstract

We reduce ranking, as measured by the Area Under the Reciever Operating Char-
acteristic Curve (AUC), to binary classification. The core theorem shows that a
binary classification regret of on the induced binary problem implies an AUC
regret of at mostir. (The binary problem is to predict, given a random pair of
elements being ranked, whether the first element should be ordered before the
second.) This is a large improvement over naive approaches such as ordering ac-
cording to regressed scores, which has a regret transform-efnr wheren is

the number of elements.

1 Introduction

Problems. In the bipartite ranking problem, we are given a set of unlabeled instances belonging to
two classes (0 and 1), and the goal is to rank all instances from class 0 before any instance from class
1. Area under the ROC curve (AUC) is a measure of successful ranking where the loss is greater
for mistakes at the beginning or the end of an ordering. This satisfies the intuition that an unwanted
item placed at the top of a recommendation list, has higher asssociated loss than when placed in the
middle. A handy shorthand for understanding AUC is that it is one minus the normalized bubble
sort distance between the predicted ordering and the true ordering.

The classification problem is simply predicting whether a label is 0 or 1 with success measured
according to the probability of a misprediction.

These problems appear quite different. For example, the classification loss function is defined on
a per - example basis while AUC is defined for sets of examples. A natural fundamental question
is: “Are these problems truly different?” If they are, we require fundamentally different algorithms

to optimize these different loss functions. If the answer is “no”, we can reuse existing algorithms
and techniques to optimize AUC. An answer of “no” also suggests that other ranking losses such as
those used by search companies may be solved directly with reuse of existing technology.

Several basic observations help define this problem.

1. A reductions-style analysis bounds the realized AUC performance in terms of the realized
classification performance. Since the analysis is relative, it does not have to rely on any
assumptions about the way the world produces data. In particular, it can cope with arbitrary
high-order dependencies between examples. This seems particularly important in a number
of real-world applications where ranking is of interest.

2. A natural approach to solving ranking is to order examples according to some “score” or
estimated conditional class probability. But as discussed in [LZ05], this provides no sat-
isfying solution for AUC. The fundamental difficulty is exhibited by test sets with one “1”
and many “0”s. For these datasets, a classification error on the “1” with perfect prediction
for the “0”s can greatly harm AUC while only slightly affecting classification with respect



to the induced distribution. This observation implies that all solutions which order accord-
ing to some predicted score dependent on a single element have a regret transform from
binary regret to AUC regret afr wheren is the number of elements ranked. In addition,
this observation necessitates conditioning on the ratio of “0”s to “1”s in the 11D stability
analysis of AUC [SHDO5].

Main Result We show that a pairwise classifier with a regret-ajn a certain induced problem
implies a regret of at mositr with respect to area under the ROC curveddbitrary distributions

over elements. (In particular, we don't assume that examples are drawn i.i.d.) The theorem is a
large improvement over other approaches discussed above, which have a dependencé&an
comparison, this proves a functionally tighter relationship from ranking to binary classification than
has been proven for regression to binary classificatior+( \/r) [LZ05] or multiclass to binary
classification{ — 4./r) [LBO5].

Relation with Previous Work

There is diverse previous work on ranking.

Several papers have proved generalization [SHDO5] or large deviation bounds [CLV05] for ranking.
These results (essentially) analyze the learnability of ranking directly by estimating the rate of con-
vergence of empirical estimates of ranking loss to expected ranking loss. In contrast, the reductions
analysis shows that good classification performance implies good ranking performance; thus it can
be viewed as a robustness result showing that a large AUC cannot be induced with a small number
of mis-classifications.

Cortes and Mohri [CMO04] give a statistical analysis of the relationship between the AUC and the 0/1
error rateon the same classification probletreating the two as different loss functions. They give
expressions for the expected value and the standard deviation of the AUC over all classifications
with a fixed number of errors under the assumption that all such classifications are equiprobable.

Boosting approaches to ranking [FIS+03, RCM+05] combine “weak rankers” to produce an overall
final ranking. These algorithms train based on pairs (as the observation above shows is necessary
for robustness) to produce a scoring function which is used to order items. The results here have
two implications: (1) we show how to turn any classification algorithm into a weak ranker of the
required type, (2) we suggest a new mechanism for rank boosting: reduce the problem to binary
classification and apply AdaBoost [FS97].

In “Learning to Order Things” [CSS99], the authors use pairwise predictors on an explicit classifier
set which are combined via an exponential weighting scheme with an online-learning guarantee:
the resulting ranker is not much worse than the best ranker in the explicit classifier set. This paper
discusses the use (or approximate use) of an NP-hard algorithm for combining pairwise preference
information. Here, we show that a much more tractable algorithm works well.

2 Formal Setup

We first define the problems we are considering and then their derived quantities.

A binary classification probleris defined by a distributiofs over X x {0, 1}, whereX is a feature
space and0, 1} is the binary prediction space. The goal is to find a classifierX — {0,1}
minimizing theclassification loss

6(07 B) = Pr(m,y)wB[C(x) 7é y]

Leto: X x X — {0,1} be an ordering function that given as input any two instances autputs
1 if it agrees with the ordering of its arguments; otherwise it outputs 0. ATHe lossof an ordering
oonasetS € (X x {0,1})* is defined as

> i (i > yj)o(wi, x;)
i 1i # yj)

(Indicesi andj in the summations range from 140 with ¢ = j.)

lauc(o,S) =



Algorithm 1 Auc-TRAIN (labeled sef5 € X", binary learning algorithrad)
1. Let

S ={{(z1,22), I(y1 > y2)) : (x1,41), (®2,y2) € Sandy; # ya}
2. returnc = A(S").

Algorithm 2 DEGREE(Unlabeled sef), importance-weighted pairwise classifigr
1. Forz € Q, letdedz) = |{z' : ¢(z,2') = 1,2' € Q}.
2. SortQ in the descending order of deg), breaking ties randomly.

An AUC problemis defined by a distributio® over (X x {0,1})*. The goal is to find an ordering
0: X x X — {0,1} minimizing the expected AUC loss ap,

l(o,D) =Egs~.pl(o,5).
Note thatD may encode arbitrary dependencies between examples.

Regret We prove a transformation bound mgretrather than loss. Regret (generally) is how well
we could have done in comparison to how well we did. It separates errors from unremovable noise
in the problem, thus the bounds apply nontrivially even on problems with large inherent noise.

Formally, theclassification regrebf classifierc on distributionB on binary examples is defined as

r(c, B) = e(c, B) — mine(c", B).

Similarly, theAUC regretof ordering functioro on distributionD over (X x {0,1})* is given by
rauc(o,D) =1(o,D) — mi*nl(o*, D).

Our goal is to design a ranking algorithm for which a small binary regret incurred by the selector
cannot imply a large ranking regret.

3 Ordering by the Number of Wins: Regret Transform

The reduction consists of two components. The training pawt;-ARAIN (Algorithm 1), trans-
forms mixed pairs of examples into binary data. (A gair, y1), (z2, y2) is mixedif y; # y2.)

For any proces® generating datasets€ (X x {0,1})*, we can define an induced distribution on
binary examples it X x X) x {0, 1} by first drawingS from D, and then applying Ac-TRAIN
to S. We denote this induced distribution byu&-TRAIN(D).

The test portion, BGREE(Algorithm 2), uses the pairwise classifielearned in Algorithm 1 to run
a tournament on the test set, and then creates an ordering according to the number of wins in the
tournament, breaking ties randomly.

Theorem 1. For all joint distributions D, for all pairwise classifiers,

rauc(DEGREH D, ¢), D) < 4r(c, AUC-TRAIN(D)).

Note the quantification in the above theorem: it appliealtsettings where algorithms 1 and 2 are
used, in particular t@ with arbitrary dependences between examples.

Proof:  Given an unlabeled test set' € X", the joint distributionD induces a conditional
distribution D(Y7,...,Y, | ™) over the set of label sequencfs 1}™. We prove the theorem for
any fixedz™, and then take the expectation over the draw’oft the end. In the remainder of the
proof Q(y™) = D(y™|x™) is the conditional distribution over® givenx". Similarly, we replace:;
with i where it is unambiguous.



The first step is to rewrite the regrets in terms of a sum over pairwise regrets. A pairwise loss is
defined by:
o I(yi > y;)

l (Z,]) == E A~y Yyn —]

@ yn @ )ZK]‘I(yi?ij)
If (i, 7) <lo(y,1), theregretrq(s, j) of ordering: beforej is O; otherwiserg (i, j) = lg(i,5) —
lo(7,17)-
We can assume without loss of generality that the ordering minimizing the AUC loss (thus having

zero AUC regret) iscizs ... z,. All regret-zero pairwise predictions must be consistent with the
ordering; i.e.yq(i,j) = 0forall i < j.

The AUC regret ob on ) can thus be decomposed as a sum of pairwise regrets:
rauc(0, Q) = l(0,Q) —mini(0", Q) = Eynql(0,S) — min Eyn ql(0*, 5)
> i (i > y;)oli, ) . > Li > y;5)o* (i, 5)
Y ~Q —minEynq
Zi<j I(yi #y]) o~ Zi<j I(yi #y])
i 1y > y;)o(i, j) — I(ys > y;)o0* (i, j)

=E

= I%%X Eyno

Zi<j I(yi # y;)
n—1
= Y Ui =>_Hi<k<j:o(i) =1} rolk+1k).
i<j:0(j,i)=1 k=1

The last inequality follows from the repeated use of Lemma 3.1 which says that we can decompose
the pairwise regret for any pair< j as:

Jj—1

rq(j,i) =Y ro(k+1,k).

k=i

The classification regret can also be written in terms of pairwise regrets:
7(c, AUC-TRAIN(Q)) = e(c, AUC-TRAIN(Q)) — min e(c", AUC-TRAIN(Q))

i (i > y)elis §) — Iy > y;)c (i, 7)

= Hé%x E 0

Zi<j I(y: # yj)
n—1
= Y e =) {i<k<j:c(ji) =1} rolk+1,k).
i<j:c(j,i)=1 k=1

The proof is done if we can show that the coefficientrgrik + 1, k) is within a factor of4 for
eachk. For any particulak, we have the set the classifieinduces a tournament on the setrof
elements. This is precisely the setting of theorem 2 where the partition is into the dilstents
and the second — k elements.

We prove the lemma used in the proof above.
Lemma 3.1. For anysi, j, andk in ™,

rq(i,7) +rq(j, k) = rq(i, k).

Proof: Letd;;; be a short-hand for the restriction B{(Y1, . ..,Y, | ™) to{Y;,Y;,Y:}. Asimple
algebraic manipulation verifies the claim.
rq(i,4) + Qi k)

= dijk(loo) + dijk(l()l) — dijk(()l()) — dijk(Oll)

+ dijk(010) + dijk(llo) — dijk(()Ol) — dijk(lol)

= d;j(100) + d;;,(110) — d;;%(001) — d;51(011) = rq (i, k),
Notice Ithat all label assignments above have exactly two mixed pairs, so the fadt isfcan-
celled.



Example The following example gives a lower bound of (almost) 2 on the ratio. We believe that
this is the worst case.

Assume for simplicity that is even. The adversary can force a total misorder by making the degree
of every element ifz,,/241,...,%,} larger than the degree of every elementin, ..., z, .}

She can assign degreg’2 to every element in the first component, and dedree- 2)/2 to all
elements in the second component. The number of tirthes, |, x;) appears in the AUC regret is

thus given by(n/2)2. The sum of out-degrees of nodes{in, .. ., z,, /5 } is 252 - 2, but ("}?) have

to be absorbed internally within the component. Thus the number of cross-component edges that the
adversary can direct correctly is at m@gt@ 5= (”42) = "(27 . giving a bound of

n2 _ n? _ 4
n?—n(3—-1) 2 4n n+2
on the ratio.
Abstract
Plugin.
4 Theorem

In this section we establish a basic result relating the two regret functions. Because the proof is
somewhat involved, it will be presented in this self-contained section, with its own notation.

Consider a bipartition ofi nodesl, ..., n into a nonempty sek of “losers” and a nonempty set
W of “winners”. LetT}, be a tournament on these nodes, with the property thatbminates.”:
every nodej € W beats every nodec L.

For conciseness, define the functibfia, b) to be 1 ifa > b, 3 if a = b, and0 if a < b. Our cost

function is then
ST, T =3 > 1 (7))

€L jeW

Also, given the two tournamentg, and1’, letr(i, j) = 0 if the direction of edgé€:, j) agrees in
the two, and! if it disagrees. The adversary’s cost function is then

TO,Tf Z Z (i,7).
€L jeW

Theorem 2. For everyn, every bipartition of{1, ..., n} into nonempty setd” and L, every tour-
namentl; in which everyj € W dominates every < L, and every tournamerft;,

cB(1,,7) _ Yier Z]‘EW (ds (), ds (7)) <4 1)

cMTo,T) Yicr 2ojew T(E:7) N

We believe that in fact? /c2 < 2, but so far we can only prove the weaker bound. The proof of
Theorem 2 comprises the remainder of this section.

We think of maximizing the ratio (1) over the space described by the theorem’s hypotheses, and
showing that the maximum is at most 4. The numerator of (1) depends orifi¢.oti we simply
transformTy into T by flipping the edges that disagree, the denominator is the number of edge
reversalshetweenL and . Note that the denominator is unchanged if we repl&gavith the
tournamently’ which agrees withs on L x L and onW x W, and (likeTp) hasW dominatingL.

Thus, we may equivalently perform the maximization only over tournanigrasid?’s which agree

onL x L andW x W. For such a pair of tournaments, each edge revefsg)) contributing 1 to

the denominator has the effect of increasing the degreéecof by 1, and decreasing the degree of
jeWhyl.



Thus, we may rewrite the ratio in (1) as
ZiEL ZjEW 1 (df(i)v df(j)) .
3 | Xien(dr(@) = do(i) + X ew (do(5) — dr(5))

Instead of maximizing the ratio only over degree sequences corresponding to tournaments satifying
the hypotheses of Theorem 2, we will maximize it over the broader class of sequences satisfying the
following two conditions:

)

A The sequencé, satisfies Landau’s condition (see below;, it is the degree sequence of some
tournamently.

B Foralli € L, ds () > do(i), and for allj € W, d¢(j) < do(j).

Note that both conditions are satisfied by tournaments obeying the theorem’s hypotheses. This max-
imization is thus a relaxation of the original maximization problem; we will show that its maximum
is at most 4, thus establishing the theorem.

For convenience, Iét, . . ., /| be the nodes of ordered so thaty (¢;) > do(£;+1), SO for example
¢1 is the best of the losers (or tied for that status). Similarlyulet. .., wy, be the nodes of/
ordered so thafy(W;) > do(w;+1), SOw is the worst of the winners.

Without loss of generality we may assume thiat¢;) is a nonincreasing sequence (li&g¢;)) and
dy(wj) is a nondecreasing sequence (likgw,)). In particular, we may replace any sequences
d¢(¢;) andds(w;) with their sorted equivalents. Clearly such a replacement does not affect the
value of the denominator of (2). Also, if the original sequences satisfied condition (B), so do their
sorted equivalents.

This simple fact has a nice “structural” consequence for the set of p@intscontributing to the
numerator, call itS = {(4,j): 1 (d;(¢;),ds(w,))}. First, if (¢, 5) € S, thenforall’ < iandj’ < j,
(¢, j") € S aswell.

It may be helpful to imagin& as an area drawn in the positive quadrant of a sheet of graph paper:
the celll: — 1,4] x [j — 1, j] isfilled iff (¢, j) € S. The condition just established asserts that in this
representation of there are no “holes”: the region is a solid one running from some point of the
axis down in some sort of staircase pattern to some point ohdRis (see Figure8? and??).

DefineL(s, j) = {(i',4"),4,7 > 0: i =diandj’ < j, orj’ = j andi’ < i}, i.e, the point(i, j) to-
gether with all points directly left of it and all points below it. Note thgtifj) € S thenL(z, j) C S.

Claim 4.1. For any “staircase” regionsS there exists a (not necessarily perfect) matchihgf rows
i and columng such thatS = {J; ;cc L(4, ).

That s, there is a set &fs which form a cover of (it is permissible for them to overlap), and whose
defining “corners” all lie in distinct rows and columns.

Proof: We write (i, j) to denote a point ilN?, and[i, j] = {i,i + 1,...,5} to denote an interval

in N. The proof is by induction on the area.8f Consider the topmost protrusion 8f just down to

the level of the next “step” to the right. That is, say it extends fiom0 to i;, and fromj = 0 to j»,

with j; defining the next-highest bit off to the right. Start covering from the protrusion’s top-right
corner (the pointj, j2)) with nested_s, working down and left to a point to be specified.

If the protrusion is taller than it is wide (if — 71 > 1), go until you bump into the left edge
(the j axis). You've now covered the entire leftmost tower (fréfn0) to (i1, j2)) with Ls whose
supporting columns are precisely the ran@ej;] and whose supporting rows are the rafge—
Jj1,j2]. What's left uncovered is an area right 2f and below;j;. By induction it can be covered
with Ls with supporting columns right af and rows belowj;. This second set dfs can thus be
safely unioned with the first set, without any duplication of supporting columns or rows. All the area
is covered. (The arée@, j1] x [0, j1] is doubly covered, which is allowed.)

If the protrusion is wider than it is tall, go until you bump into the horizontal ljine- j;. This
covers the top protrusion, uses up all the rdyysj»], and also uses up columfys — (j2 — j1), j1]-
The remaining area is thus all belgy; and consists of the rectangl&™ from (0, 0) to (j; — (j2 —
j1),71); a“gapG” (of covered area and forbidden rows) frahy — (j2 — j1),0) to (j1,71); and



then some more complex structurE ™ to the right of j;. Glue the first rectanglé’ together with
the areal at the right (deleting the gap). Inductively cover this shap#& with Ls. Then pull the
shape apart again (ahyanchored inH now extends across the géf). The newLs use rows below
41 (thus not conflicting with the first set, which were abgyg and use columns in eithét or in H
(thus not conflicting with the first set, which wereG#). The top rectangle and are covered by the
first set ofLs; F' and H are covered by the second set; and thus the whole area is collered.

Corollary 4.1. If C'is a matching covering (in the sense of Claim 4.1) then the numerato(2)f

Proof: S is the union of the.s, andL (4, j) has cardinality + 5 — 1. ll

Now we establish a simple condition on the degree sequBgcés W dominated., it is immediate
thatdo(’wj) > ‘L| anddo(&') < ‘L| — 1.

Claim 4.2. For all i andj, do(w;) > |L| + (j — 1)/2 anddy(¢;) < |L| — (¢ + 1)/2.

Proof: RestrictingT, to W gives a tournamerit,"” whose outdegrees atg(w,) = do(w;) —|L|.

By Landau’s theorem, for any, (;) < Zizl dj(wy), which by the nondecreasing naturel&fs
degree sequence 1§ j - dj(w;). This gives(j — 1)/2 < dj(w;) = do(w;) — |L], yielding the
claim’s first inequality.

Similarly, restrictingT, to L gives a tournamerit,” with the same outdegreed, (¢;) = do(¢;).
Consider théndegreeswithin T,”, and note thaind’(¢;) + dj(¢;) = |L| — 1. Just as above, by
Landau’s theorem, for any (i — 1)/2 < ind’(¢;) = |L| — 1 — do(¥;), yielding the claim’s second
inequality.ll

Corollary 4.2. If C'is a matching covering (in the sense of Claim 4.1) then the denominator of
(2)is> 15 ecli+ ).

Proof: By definition, (¢, j) € C implies(i, j) € S, meaning that

dy(t:) > dg(wy)
do(4;) + x(i) = do(w;) — y(j)

and, by Claim 4.2,

1+

x(i) + y(j) > do(wj) — do(€;) > 5

3)
In our new notation, the denominator of (2) is simply
|Z] (W]
T 2@+ v | =2 D0 ) +yi)l,
i=1 j=1 (i,5)€C
becaus&” is a matching and the(i) andy(y) are all nonnegative. From (3), this is

>1 % [’;J]

(i,5)€C

The theorem is immediate from Corollary 4.1 and Corollary 4.2.
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Figure 1: Tall and skinny protrusion
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