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Abstract

We reduce ranking, as measured by “Area Under the Reciever Operating Char-
acteristic Curve” (AUC), to Binary classification. The core theorem shows that
a binary classification regret ofon a certain induced binary problem implies an
AUC regret of at mostr. This is a large improvement over naive approaches such
as ordering according to regressed scores which has a regret transform of
wheren is the number of elements.

1 Introduction

Problems. In the bipartite ranking problem, we are given a set of unlabeled instances belonging to
two classes (0 and 1), and the goal is to rank all instances from class 0 before any instance from class
1. Area under the ROC curve (AUC) is a measure of successful ranking where the loss is greater
for mistakes at the beginning or the end of an ordering. This satisfies the intuition that an unwanted
item placed at the top of a recommendation list, has higher asssociated loss than when placed in the
middle. A handy shorthand for understanding AUC, is that it is one minus the normalized bubble
sort distance between the predicted ordering and the true ordering.

The classification problem is simply predicting whether a label is 0 or 1 with success measured
according to the probability of a misprediction.

These problems appear quite different. For example, the classification loss function is defined on a
per-example basis while AUC is defined for sets of examples.

A Fundamental Question. A natural fundamental question to ask is “Are these problems truly
different?” If the answer is yes, it implies that we require fundamentally different algorithms to
optimize these different loss functions. If the answer is “no”, then we can reuse existing algorithms
and techniques to optimize AUC. An answer of “no” also suggests that other ranking losses such as
those used by search companies may be solved directly with reuse of existing technology.

Question Complexities. Several basic observations help define this problem.

1. The question can not be answered satisfactorily under any assumptions about the way the
world produces data. Even a minimal IID sample assumption is not met by a number of
real-world applications where AUC is important. This observation implies most forms of
analysis are not suitable.

Machine learning reductions analysian meet this challenge. At a high level, learning
reductions analysis bounds the realized AUC performance in terms of the realized classi-
fication performance. Since the analysis is relative, no assumptions about the real-world
process need be made.

A consequence of this observation is that our analysis must cope with arbitrary high order
dependencies between the labels of examples.



2. A natural approach to solving ranking is to order examples according to some “score” or
estimated conditional class probability. There does indeed exist a general reduction from
conditional class probability estimation to (hard) 0/1 classification [LZ05]. But, as dis-
cussed in [LZ05] this provides no satisfying solution for AUC. The fundamental difficulty
is exhibited by test sets with one “1” and many “0"s. For these datasets, a classification
error on the “1” with perfect prediction for the “0”s may result in a dramatic AUC loss.
This observation implies that all solutions which order according to some predicted score
dependent on a single element have a regret transformsfrioimary regret to AUC regret
of nr wheren is the number of elements ranked.

In addition, this observation necessitates conditioning on the ratio of “0”s to “1”s in the 11D
stability analysis of AUC [SHDO5].

Our Result We show that a pairwise classifier with a regretradn a certain induced problem
implies a regret of at modt- with respect to area under the ROC curvedtb(nonlID!) distributions

over elements. The theorem is a large improvement over the current state-of-the-art which has a
dependence onr. For comparison, this proves a functionally tighter relationship from ranking to
binary classification than has been proven for regression to binary classificatien\(r) [LZ05]

or multiclass to binary classification (~ 4./r) [LB05].

Organization

Section 2 formalizes the setting. Section 3 presents the regret analysis with respect to the AUC.
Section 5 shows that a common NP-hard algorithm for combining preferences [CSS99] is actually
suboptimal compared to the mechanism we use in section 3. This happy observation implies we
can comfortably use a relatively tractalil§n?) algorithm for inducing the binary problem and
combining binary preferences to produce an ordering.

Relation with Previous Work

There is diverse previous work on ranking.

Several papers have proved generalization [SHDO5] or large deviation bounds [CLV05] for rank-
ing. These results (essentially) analyze the learnability of ranking directly by estimating the rate of
convergence of empirical estimates of ranking loss to expected ranking loss. In contrast, the reduc-
tions analysis here shows that good classification performance implies good ranking performance,
opening the possibility or reusing existing methods.

Cortes and Mohri [CMO04] give a statistical analysis of the relationship between the AUC and the 0/1
error rateon the same classification probletreating the two as different loss functions. They give
expressions for the expected value and the standard deviation of the AUC over all classifications
with a fixed number of errors under the assumption that all such classifications are equiprobable.

Boosting approaches to ranking [FIS+03, RCM+05] combine “weak rankers” to produce an overall
final ranking. These algorithms train based on pairs (as the observation above shows is necessary for
robustness) to produce a scoring function which is used to order things. The results here have two
implications: (1) we show how to turn any classification algorithm into a weak ranker of the required
type (2) we suggest a new mechanism for rank boosting: reduce the problem to binary classification
and apply adaboost.

In “Learning to Order Things” [CSS99], the authors use pairwise predictors on an explicit classifier
set which are combined via an exponential weighting scheme with an online-learning guarantee:
the resulting ranker is not much worse than the best ranker in the explicit classifier set. This paper
discusses the use (or approximate use) of an NP-hard algorithm for combining pairwise preference
information. Here, we show that a much more tractable algorithm works well. In fact, that the
NP-hard algorithm may sometimes perform worse! See section 5 for details.

2 Formal Setup

We first define the problems we are considering and then their derived quantities.



Algorithm 1 Auc-TRAIN (labeled sef5 € X", binary learning algorithrad)
1. Setn® = |{(x,y) € S:y = 0}].
2. Let

S" = {((z1,22), I(y1 > w2)) : (1, 91), (x2,2) € S andyy # y2}
3. returnc = A(S’).

Algorithm 2 DeEGREE(Unlabeled sef), importance-weighted pairwise classifigr
1. Forx € Q, letdedz) = [{2' : ¢(x,2’) = 1,2' € Q}|.
2. SortQ in the descending order of deg), breaking ties randomly.

A binary classification probleris defined by a distributiof? over X x {0, 1}, whereX is a feature
space and0, 1} is the binary prediction space. The goal is to find a classifierX — {0,1}
minimizing theclassification loss

6(07 B) = Pr(m,y)wB[C(x) 7é y]
Leto: X x X — {0,1} be an ordering function that given as input any two instances autputs

1 if it agrees with the ordering of its arguments; otherwise it outputs 0. AT lossof an ordering
oonasetS € (X x {0,1})* is defined as

> i (i > yj)o(wi, z;)
Zi<j I(y; # Z/j)

(Indicesi and;j in the summations range from 1 g with i # j.)

Iauc(o,8) =

An AUC problemis defined by a distributio® over (X x {0,1})*. The goal is to find an ordering
0: X x X — {0,1} minimizing the expected AUC loss ap,

l(O, D) = ESNDZ(O, S)
Note thatD may encode arbitrary dependencies between examples.

Regret We prove a transformation bound myretrather than loss. Regret (generally) is how well
we could have done in comparison to how well we did. It separates errors from unremovable noise
in the problem, thus the bounds apply nontrivially even on problems with large inherent noise.

Formally, theclassification regrebf classifierc on distributionB on binary examples is defined as
r(c, B) = e(¢, B) — mine(c*, B).
c*
Similarly, theAUC regretof ordering functioro on distributionD over (X x {0, 1})* is given by
rauc(o, D) =1(o,D) — mi*nl(o*, D).

Our goal is to design a ranking algorithm for which a small binary regret incurred by the selector
cannot imply a large ranking regret.

3 Ordering by the Number of Wins: Regret Transform

The reduction consists of two components. The training pawt;-ARAIN (Algorithm 1), trans-
forms mixed pairs of examples into binary data. (A fair, y1), (z2, y2) is mixedif y; # yo.)

For any proces® generating datasets€ (X x {0,1})*, we can define an induced distribution on
binary examples it X x X) x {0, 1} by first drawingS from D, and then applying AC-TRAIN
to S. We denote this induced distribution byu&-TRAIN(D).

The test portion, BGREE(Algorithm 2), uses the pairwise classifielearned in Algorithm 1 to run
a tournament on the test set, and then creates an ordering according to the number of wins in the
tournament, breaking ties randomly.



Theorem 1. For all joint distributions D, for all pairwise classifiers,
rauc(DEGREHED,¢), D) < 4r(c, AuC-TRAIN(D)).

Note the quantification in the above theorem: it appliealtsettings where algorithms 1 and 2 are
used, in particular t@ with arbitrary dependences between examples.

Proof:  Given an unlabeled test set' € X", the joint distributionD induces a conditional
distribution D(Y7,...,Y, | ™) over the set of label sequencf 1}™. We prove the theorem for
any fixedz™, and then take the expectation over the draw’dft the end. In the remainder of the
proof Q(y™) = D(y™|«™) is the conditional distribution over* givenz". Similarly, we replacer;
with ¢ where it is unambiguous.

The first step is to rewrite the regrets in terms of a sum over pairwise regrets. A pairwise loss is
defined by:
o I(yi > y;)
1o(i,7) = Byngyn) e=— 2.
@ yre )Ziq I(y; #Z/j)

If ig(4,75) <lg(j,17), theregretrg(i, j) of ordering: beforej is O; otherwiserg (i, j) = lg(i,j) —
I 1)-
We can assume without loss of generality that the ordering minimizing the AUC loss (thus having

zero AUC regret) iscizs . .. z,. All regret-zero pairwise predictions must be consistent with the
ordering; i.e.yq(i,j) = 0forall ¢ < j.

The AUC regret ob on @ can thus be decomposed as a sum of pairwise regrets:
rauc(0; Q) = l(0,Q) —minl(0", Q) = Eynql(0,S) — min Eynql(0*, 5)
Zi,j I(y; > y;)o(i, j) . Zi,j I(yi > y;)o™ (i, ])
yn~Q —minEy.q
Dici (i # yj) 0 >ici i # y;)
> Li > yj)oi, 3) — I(y; > y;)o” (4, )

=E

= rr(l):}x Eyn 0

Zi<j I(yi # yj)
n—1
= Y reUi) =Y Hi<k<jio(ji) = Hro(k+1,k)
i<j:0(j,i)=1 k=1

The last inequality follows from the repeated use of Lemma 3.1 which says that we can decompose
the pairwise regret for any pair< j as:

j—1
rq(j,i) =Y _ro(k+1,k).
k=1

The classification regret can also be written in terms of pairwise regrets:
7(c, AUC-TRAIN(Q)) = e(c, AUC-TRAIN(Q)) — mine(c", AUC-TRAIN(Q))

Ei,j I(yz > yj)c(i’j) - I(yz > yj)c*(ivj)

=maxE; .
e e Zi<_j I(yi # yj)
n—1
= Y reUi) =Y i<k <j:elii)=1}rq(k+1,k).
i<j:e(j,i)=1 k=1

The proof is done if we can show that the coefficientrgiik + 1, k) are within a factor oft for
eachk. For any particulak, we have the set the classifieinduces a tournament on the setrof
elements. This is precisely the setting of theorem 2 where the partition is into thke distents
and the second — k elements.

We prove the lemma used in the proof above.



Lemma 3.1. For anysi, j, andk in x™,
rQ(i, ) +rq(i k) = rq(i, k).

Proof: Letd;;; be a short-hand for the restriction b{(Y1, . ..,Y;, | z™) to {Y;,Y;, Y, }. Asimple
algebraic manipulation verifies the claim.
rq(i,J) + 1 k)

= d”k(lOO) + d”k(lOl) — d”k(OlO) — dijk(O].l)

+ dwk(O].O) + d”k(l].()) — d”k(OOl) — d”k(l()l)

= d”k(lo()) + dljk(llo) — d”k(OOl) — dljk(()ll) = TQ(i, k),
Notice Ithat all label assignments above have exactly two mixed pairs, so the fadi® isfcan-
celled.

4 Theorem

In this section we establish a basic result relating the two regret functions. Because the proof is
somewhat involved, it will be presented in this self-contained section, with its own notation.

Consider a bipartition ofi nodesl, ..., n into a nonempty set. of “losers” and a nonempty set
W of “winners”. LetT, be a tournament on these nodes, with the property fliadominates’”:
every nodej € W beats every nodec L.

For conciseness, define the functibfiaz, b) to be 1 ifa > b, 3 if a = b, and0 if a < b. Our cost

function is then
B(Ty, Ty) Z Z (outd 7 (i), outd™ (j )) .
i€l jeW

Also, given the two tournament&, andT, letr(i, j) = 0 if the direction of edgés, j) agrees in
the two, andl if it disagrees. The adversary’s cost function is then

TO,Tf Z Z (i,9).
i€l jeW

Theorem 2. For everyn, every bipartition of{1,...,n} into nonempty setd” and L, every tour-
namentl; in which everyj € W dominates everye L, and every tournamenf;,

cB(Ty,T) Dier 2ujew 1 (OUthf (i), outd™” (])) <4 1
ATy, T) D el ZjeW (4, 7) - ()

We believe that in fact? /c4 < 2, but so far we can only prove the weaker bound. The proof
comprises the remainder of this section.

We think of maximizing the ratio (1) over the space described by the theorem’s hypotheses, and
showing that the maximum is at most 4. The numerator of (1) depends orif¢.oli we simply
transformTj into T’ by flipping the edges that disagree, the denominator is the number of edge
reversalsbetweenl and W. Note that the denominator is unchanged if we replagevith the
tournamently’ which agrees with’y on L x L and onW x W, and (likeTp) hasW dominatingL.

Thus, we may equivalently restrict the maximization to tournamg&htand 7y which agree on

L x LandW x W. For such a pair of tournaments, each edge revefsaj) contributing 1 to

the denominator has the effect of increasing the degrée=of. by 1, and decreasing the degree of
jeWhyl.

We may thus focus on the tournaments’ degree spectra rather than on the tournaments themselves, as
we now explain. LetD, be the degree spectrum @, i.e., Dy is the sequencédy(1),...,do(n)}

wheredy(i) = outhU( ). Likewise, letD; = {d;(1),...,ds(n)} be the degree spectrum Bj.
The numerator of (1) is determined B and the partitiod L, W): itis

D> 1(ds (i), ds () (2

ieL jeW



The denominator is determined by the two degree spectra and the partition; it is

oS — o) + 3 (o) — s i) | ®

i€l JjeWwW

The theorem treats the maximum of the ratio of (2) to (3) where the degree sequeneesl

Dy are derived from tournamenis and7’; with certain properties, including that for alle L,

dys(i) > do(¢) andforallj € W, ds(j) < do(j). Instead, we will maximize the ratio over sequences
(no longer “degree sequenced)), and Dy where D, satisfies certain necessary conditions for the
degree sequence of a tournament in whicldominates., and theonly constraint onD; is that for

alli € L, dy(i) > do(i) and for allj € W, dy(j) < do(j). We will show that the maximum is at
most 4; since this is a relaxation of the original maximization problem, this proves that the original
ratio is also at most 4.

We first establish a simple condition on the degree sequéicd-or convenience, lefti, ..., ¢
be the nodes ok ordered so thatutd(¢;) > outd(4;+1), So for examplé; is the best of the losers
(or tied for that status). Similarly, leb,, ..., w| be the nodes dfl” ordered so thatutd(1V;) >
outd(w,+1), SOw; is the worst of the Winners. Ad dominated., it is immediate thadutd(w;) >
|L| andoutd(¢;) < |L| — 1.

Claim 4.1. For all ; andj, outd(w;) > |L| + (j — 1)/2 andoutd(¢;) < |L| — (i + 1)/2.

Proof: Restricting 7, to W gives a tournament,"” wh‘ose outdegrees akeitd’ (w;) =
outd(w;) — |L|. By Landau’s theorem, for any, (}) < >_3_, outd’(wy), which by the non-
decreasing nature 6f’s degree sequencess j - outd’ (w,). This gives(j —1)/2 < outd’(w;) =
outd(w;) — |L|, yielding the claim’s first inequality.

Similarly, restrictingT, to L gives a tournameriTUL with the same outdegreesntd’(¢;) =

outd(¢;). Consider théndegreeswithin 7T,%, and note thaind’(¢;) + outd’(¢;) = |L| — 1. Just as
above, by Landau’s theorem, for any(i — 1)/2 < ind’(¢;) = |L| — 1 — outd(¥;), yielding the

claim’s second inequalitfl

Comparing the degree sequendgsand Dy, fori € {1,...,|L|} letz(i) = d;(¢;) — do(¥¢;) (the
amount by which aloser’s degree is increased) ang fof 1, . . ., |WW|} lety(j) = do(w;)—ds(w;)
(the amount by which a winner’s degree is decreased). Bedtudmminated. in T and only edges
in W x L are reversed in constructingy, all z(7) andy(j) are> 0.

Note that the summation (2) may be replaced with

|L| W]

YD 1(do(ts) + (i), do(wy) — => > 1 7)s do(w;) — do(£:)) -

i=1 j=1 icL jeWw

¢ From Claim 4.1,
1 i+ 1 1+
dofus) ~ doft) = (121 + 250 ) + (S5 - jal) = L.

Decreasing the second argumentldf, -) can only increase its value, so it follows that (2) is

|L] W]

SHRICCRIES

i=1 j=1

In our new indexing, (3) is rewritten as

IL| W
2 [Z(df( ) + Z do(4;) — dg( wa))] : 4)

i=1

Recall that by definition the sequenégg(¢;) is nonincreasing, and,(w,;) nondecreasing. Without
loss of generality we may assume the same is truelfo¢;) andds(w;): in particular, we may
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replace any sequencésg(¢;) andd,(w,) with their sorted equivalents. Clearly such a replacement
does not affect the value of (4). The only condition we will demand of the sequén¢és and
dy¢(w;) is that every differencé(¢;) — do(¢;) anddy(¢;) — d¢(w;) is non-negative, as is true in
the original optimization space. But if this holds f(¢;) andd;(w,) then it also holds for their
sorted equivalents.

Also substituting into (3) with the newly definedi) andy(5), the ratio in (1) is at most the maxi-
mum of

ZieL Zjew 1 (:L‘(Z) + y<.7>7 %) ]
3 (ZieL z(i) + > jew y(i)

5 The Suboptimality of Minimization
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