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Abstract

We presentinew approacho boundingthetrueerrorrateof acontinuous
valuedclassifierbasedupon PAC-Bayesbounds. The methodfirst con-
structsa distribution over classifiersby determininghow sensitve each
parametein the modelis to noise. The true error rate of the stochastic
classifierfoundwith the sensitvity analysiscanthenbetightly bounded
usinga PAC-Bayesbound. In this paperwe demonstratéhe methodon
artificial neuralnetworks with resultsof a2 — 3 orderof magnitudem-
provementvs. the bestdeterministicneuralnetbounds.

1 Introduction

In machinelearningit is importantto know the true errorratea classifierwill achieve on
future testcases.Estimatingthis error rate canbe suprisinglydifficult. For example,all
known boundsonthetrueerrorrateof artificial neuralnetworkstendto be extremelyloose
andoftenresultin the meaningles®oundof “alwayserr” (errorrate= 1.0).

In thispaperwe do not boundthetrueerrorrateof aneuralnetwork. Insteadwe bound
thetrueerrorrateof adistribution over neuralnetworkswhich we createby analysingone
neuralnetwork. (Hence,thetitle.) This approachprovesto be much more fruitful than
trying to boundthe true error rate of anindividual network. The bestcurrentapproaches
[1][2] oftenrequire1000, 10000, or moreexamplesbeforeproducinga nontrivial boundon
thetrueerrorrate. We producenontrivial boundsonthetrueerrorrateof astochastimeural
network with lessthan 100 examples. A stochasticneuralnetwork is a neuralnetwork
whereeachweightuw; is perturbedy agaussiawith variances? every timeit is evaluated.

Our approachusesthe PAC-Bayesbound[5]. The approachcanbe thoughtof asa
redivision of thework betweerthe experimenteiandthetheoreticianwe make the experi-
menterwork hardersothatthetheoreticians true errorboundbecomesnuchtighter. This
“extrawork” on the part of the experimenteiis significant,but tractable andthe resulting
boundsaremuch tighter.

An alternatve viewpointis thatthe classificatiorproblemis finding a hypothesiswith
alow upperboundon the future errorrate. We presenta post-processinghasefor neural
networks which resultsin a classifierwith a muchlower upperboundon the future error
rate. The post-processinganbe usedwith ary artificial neuralnettrainedwith any opti-
mization method;it doesnot requirethe learningprocedurebe modified,re-run,or even
thatthethresholdfunctionbedifferentiable In fact,this post-processingtepcaneasilybe
adaptedo otherlearningalgorithms.

David MacKay[4] hasdonesignificantwork to make approximateBayesianearning
tractablewith a neuralnetwork. Ourwork hereis complimentaryratherthancompetitive.
We exhibit atechniquenhichwill likely give nontrivial trueerrorrateboundsfor Bayesian



neuralnetworks regardless of approximatioror prior modelingerrors. Verificationof this
statemenis work in progress.

Thepost-processingtepfindsa“large” distribution over classifierswhich hasa small
average empirical errorrate. Giventhe averageempiricalerror rate, it is straightforward
to apply the PAC-Bayesboundin orderto find a boundon the average true errorrate. We
find this large distribution over classifiersby performinga simplenoisesensitvy analysis
on the learnedmodel. The noisemodelallows usto generatea distribution of classifiers
with aknown, small,averageempiricalerrorrate. In this paperwe referto the distribution
of neuralnetsthatresultsfrom this noiseanalysisasa stochasticieuralnetmodel.

Why dowe expectthe PAC-Bayedoundto beasignificantimprovementver standard
covering numberand VC boundapproaches?Thereexist learning problemsfor which
the differencebetweenthe lower boundandthe PAC-Bayesupperboundaretight up to
(0] (ln—m) wherem is the numberof training examples.This is superiorto the guarantees
which canbe madefor typical coveringnumberboundswherethe gapis, at best,known
upto an(asymptoticlconstantThe guarante¢hatPAC-Bayeshoundsaresometimegjuite
tight encouragessto applythemhere.

Thenext sectionswill:

1. Describetheboundswe will compare.
2. Describeouralgorithmfor constructinga distribution over neuralnetworks.
3. Presentxperimentakesults.

2 Theoretical setup

We will work in the standardsupervisedatchlearningsetting. This settingstartswith the
assumptiorthatall examplesaredravn from somefixed (unknawn) distribution, D, over
(input, output) pairs, (z,y). Theoutputy is drawn from the space{—1, 1} andtheinput
spacds arbitrary The goal of machinelearningis to usea samplesetS of m pairsto find
a classifier h, which mapsthe input spaceto the outputspaceandhasa smalltrue error,
e(h) = Prp(h(z) # y). Sincethe distribution D is unknawn, the true error rateis not
obsenable. However, we canobsene the empiricalerrorrate,é(h) = Prs(h(z) # y) =
% Zzn:1 h(z;) # yi.

Now thatthebasicquantitiesof interestaredefined we will first presentamodernneu-
ral network bound thenspecializéhe PAC-Bayeshoundto a stochastimeuralnetwork. A
stochastimeuralnetwork is simply a neuralnetwork whereeachweightin the neuralnet-
work is drawvn from somedistribution wheneverit is used.We will describeourtechnique
for constructinghedistribution of the stochasticeuralnetwork.

2.1 Neural Network bound

We will comparea specializatiorof the bestcurrentneuralnetwork true error ratebound
[2] with our approach.The neuralnetwork boundis describedn termsof the following
parameters:

1. Amagin,0 < v < 1.

2. An arhitrary function (unrelatedto the neuralnetwork sigmoid function) ¢ de-
finedby ¢(z) = 1if <0, ¢(z) = 0if z > 1, andlinearin between.

3. A;, anupperboundon the sumof the magnitudeof theweightsin theith layer of
theneuralnetwork

4. L;, a Lipschitz constantwhich holdsfor the ith layer of the neuralnetwork. A
Lipschitz constanis a boundon the magnitudeof the derivative.

5. d, thesizeof theinputspace.
With theseparameterslefined we getthe following bound.
Theorem 2.1 (2 layer feed-forward Neural Network true error bound)
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Proof: Givenin[2]. O
The theoremis actually only given up to a universalconstant. “32” might be the right
choice,but this is just an educatedyuess. The neuralnetwork true error boundabove is
(perhaps}he tightestknown boundfor generalfeed-forward neuralnetworks andsoit is
the naturalboundto comparewith.

This2 layerfeed-forwardboundis noteasilyappliedin atight mannetbecauseve can't
calculatea priori whatour weightboundA; shouldbe. This canbe patchedup usingthe
principle of structuralrisk minimization. In particular we canstatetheboundfor A; = o/
wherej is somenon-ngjativeintegeranda > 1 is aconstantlf the jth boundholdswith

probability% ]% thenall boundswill hold simultaneouslyvith probabilityl — é, since
Sl
=6

Applying this approacho thevaluesof both 4; and A,, we getthefollowing theorem:
Theorem 2.2 (2 layer feed-forward Neural Network true error bound)
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Proof: Apply theunionboundto all possiblevaluesof j andk asdiscussedbove. O
In practice,we will usea = 8 = 1.1 andreportthevalueof thetightestapplicablebound
for all 5, k.

2.2 Stochastic Neural Network bound

Our approactwill startwith asimplerefinemen{3] of the original PAC-Bayesbound[5].
We will first specializethis boundto stochastigieuralnetworksandthenshaw thattheuse
of thisboundin conjunctionwith a post-processinglgorithmresultsin amuchtightertrue
errorrateupperbound.

First,we will needto definesomeparametersf thetheorem.

1. @Q is adistribution over the hypothesesvhich canbe foundin anexampledepen-
dentmanner

2. P is adistribution over the hypothesesvhich is chosera priori—without depen-
denceontheexamples.

3. eq(h) = En~ge(h) is thetrue error rate of the stochastichypothesiswhich, in
ary evaluation,draws a hypothesish from @, andoutputsh(z).

4. ég(h) = Ep~qé(h) is the averageempirical error rate of the samestochastic
hypothesis.

Now, we arereadyto statethetheorem.
Theorem 2.3 (PAC-Bayes Relative Entropy Bound) For all priors, P,

KL 2m
(QIIP) +1n £ <s
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where KL(Q||P) = [, q(h)In %dh is the Kullback-Leibler divergence between the dis-

tributions Q and P and KL(ég(h)||eq(h)) is the KL divergence between a coin of bias
éq(h) and a coin of biaseg(h).



Proof: Givenin[3]. O
We needto specializethis theoremfor applicationto a stochastimeuralnetwork with a
choiceof the “prior”. Our “prior” will be zeroon all neuralnet structuresotherthanthe
onewe train anda multidimensionalsotropicgaussiaron the valuesof the weightsin our
neuralnetwork. The multidimensionalgaussiarwill have a meanof 0 anda variancein
eachdimensionof b2. This choiceis madefor corvenienceandhappengo work.

The optimal valueof b is unknovn anddependenbn the learningproblemsowe will
wish to parameterizét in an exampledependentnanner We cando this usingthe same
trick asfor the original neuralnetbound. Usea sequenc®f boundswhereb = ca? for ¢

anda someconstantsind; a nonnegative number For the jth boundsets — -82;. Now,

™

the union boundwill imply thatall boundshold simultaneouslywith probability at least
1-4.

Now, assuminghatour “posterior” @ is alsodefinedby a multidimensionalgaussian
with the meanandvariancein eachdimensiondefinedby w; ands?, we canspecializeto
thefollowing corollary:

Corollary 2.4 (Stochastic Neural Network bound) Let & be the number of weightsin a
neural net, w; be the ith weight and s; be the variance of the ith weight. Then, we have
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Proof: Analytic calculationof theKL divergencebetweertwo multidimensionalGaus-
siansandthe unionboundappliedfor eachvalueof j. O
Wewill choosen = 1.1 ande = 0.2 asreasonabléefaultvalues.

Onemore stepis necessaryn orderto apply this bound. The essentiadifficulty is
evaluting ég(h). This quantityis obserablealthoughcalculatingit to high precisionis
difficult. We will avoid the needfor a direct evaluationby a montecarlo evaluationand
aboundon thetail of the montecarlo evaluation. Let é5(h) = Pry 4(h(z) # y) bethe
obseredrateof failure of an randomhypothesesiravn accordingto Q andappliedto a
randomtrainingexample.Then,thefollowing simpleboundholds:

Theorem 2.5 (Sample Convergence Bound) For all distributions, @, for all sample sets S,

pr (KL 0le() > 22 ) <

where n isthe number of evaluations of the stochastic hypothesis.

Proof: Thisis simply anapplicationof the Chernof boundfor thetail of a Binomial
wherea “head” occurswhenanerroris obseredandthebiasis ég(h). O
In orderto calculateaboundontheexpectedrueerrorrate wewill firstboundtheexpected
empiricalerrorrateég (h) with confidence] thenboundtheexpectedrueerrorrateeg (h)
with ConfidenC%, usingour boundon ég (h). Sincethetotal probability of failureis only

% + % = ¢ our boundwill hold with probabilityl — é. In practice we will usen = 1000
evaluationsof the empiricalerrorrateof the stochasticeuralnetwork.

2.3 Distribution Construction algorithm

Onecritical stepis missingin the description:How do we calculatethe multidimensional
gaussian@)? Thevarianceof the posteriorgaussiameedso be dependenbn eachweight
in orderto achieve atight boundsincewe wantary “meaninglessiveightsto notcontribute
significantlyto the overall samplecomplexity. We usea simple greedyalgorithmto find
theappropriatesariancein eachdimension.

1. Trainaneuralnetontheexamples

2. For every weight, w;, searchfor the variance,s?, which reducesthe empirical
accurag of thestochastimeuralnetwork by somefixedtargetpercentagéwe use
1 — 5%) while holdingall otherweightsfixed.
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Figure1: Plot of measurecerrorsand error boundsfor the neuralnetwork (NN) andthe
stochastimeuralnetwork (SNN) on the syntheticproblem. Thetraining sethas100 cases
andthereductionin empiricalerroris 5%. Note thata true error boundof “100” (visible
in the graphon the left) impliesthatat least100? more examplesarerequiredin orderto
malke a norvacuousound. The graphon theright expandsthe vertical scaleby excluding
the poortrue errorboundthathaserrorabove 100. The curvesfor NN andSNN arequali-
tatively similar on thetrain andtestsets.As expectedthe SNN consistentlyperforms5%
worsethanthe NN on the train set(easierto seein the graphon the right). Surprisingly
the SNN performsworsethanthe NN by lessthan5% on thetestsets.Both NN andSNN
exhibit overfitting after about6000-12000patternpresentation$600-1200epochs). The
shapeof the SNN boundroughly mimicsthe shapeof the empirically measuredrue error
(thisis morevisiblein thegraphon theright) andthusmightbeusefulfor indicatingwhere
thenetbeginsoverfitting.

3. Thestochastimeuralnetwork definedby {w;, s?} will generallyhave atoo-large
empiricalerror. Thereforewe calculatea global multiplier A < 1 suchthatthe
stochastimeuralnetwork definedby {w;, As?} decreasetheempiricalaccuray
by only thesamel — 5% (absoluteerrorrate)usedin Step?2.

4. Then,we evaluatethe empirical error rate of the resultingstochastimeuralnet
by repeatedlydraving sampledrom the stochastimeuralnetwork. In the work
reportecherewe use100 — 1000 samples.

3 Experimental Results

How well canwe boundthe true errorrate of a stochastimeuralnetwork? The answeris
much betterthanwe canboundthetrue errorrateof a neuralnetwork.

We usetwo dataset$o empirically evaluatethe quality of thenew bound.Thefirstis a
syntheticdatasetvhich has25 input dimensionsandoneoutputdimension.Most of these
dimensionsreuseless—simplyandomnumbersdravn from a N (0, 1) GaussianOneof
the 25 input dimensionss dependenbn the label. First, the label y is dravn uniformly
from {—1, 1}, thenthespecialdimensions drawn froma N (y, 1) GaussianNotethatthis
learningproblemcannot be solved perfectlybecausesomeexampleswill be dravn from
thetailswherethegaussiansverlap.The“ideal” neuralnetto usein solvingthis synthetic
problemis asinglenodeperceptronWe will insteadusea 2 layerneuralnetwith 2 hidden
nodesusingthesigmoidtransferfunction. This overly comple< neuralnetwill resultin the
potentialfor significantoverfitting which makesthe boundpredictionprobleminteresting.
It is alsosomevhatmore“realistic” if the neuralnetstructuredoesnot exactly matchthe
learningproblem.

The seconddatasets the ADULT problemfrom the UCI MachineLearningRepos-
itory. We usea 2 layer neuralnetwith 2 hiddenunits for this problemaswell because
preliminaryexperimentsshavedthat netsthis small canoverfit the ADULT datasetf the
training sampleis small.

To keepthings challenging,we usejust 100 — 200 examplesin our experiments.As
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Figure2: Plot of measurecerrorsand error boundsfor the neuralnetwork (NN) andthe
stochasticneural network (SNN) on the UCI ADULT dataset. Thesegraphsshov the
resultsobtainedusinga 1% reductionin empiricalerrorinsteadof the 5% reductionused
in Figurel. Thetraining samplesizefor this problemis 200 cases.NN and SNN exhibit
overfitting afterapproximatelyl2000patternpresentation§600epochs) As in Figurel, a
trueerrorboundof “100” impliesthatat least100? moreexamplesarerequiredin orderto
make a nonvacuousound. The graphon theright expandsthe vertical scaleby excluding
thepoortrueerrorbound.

we will seein Figuresl and2, constructinga norvacuoushoundfor a continuoushypoth-
esisspacewith only 100 — 200 examplesis quite difficult. The corventionalboundsare
hopelessljoose.

Figure 1 shows the resultsfor the syntheticproblem. For this problemwe use 100
training casesanda 5% reductionin empiricalerror. The resultsfor the ADULT problem
arepresentedn Figure?2. For this problemwe use200training casesanda 1% reduction
in empiricalerror. Experimentperformedon theseproblemsusingsomevhatsmallerand
largertraining samplesyieldedsimilar results. The choiceof reductionin empiricalerror
is somavhatarbitrary We seequalitatively similar resultsif we switchto a 1% reduction
for the syntheticproblemanda 5% reductionfor the ADULT problem.

Therearesereralthingsworth notingabouttheresultsin thetwo figures.

1. The SNN upperboundsare 2-3 ordersof magnitudelower thanthe NN upper
bounds.While notastight asmight be desiredthe SNN upperboundsareorders
of magnitudebetterandarenotvacuous.

2. TheSNNsperformsomevhatbetterthanexpected.n particular onthe synthetic
problemthe SNN true error rateis at most3% worsethanthe true error rate of
the NN (true error ratesare estimatedusing large test sets). This is suprising
consideringthat we fixed the differencein empirical error ratesat 5% for the
syntheticproblem. Similarly, on the ADULT problemwe obsene that the true
errorratesbetweenthe SNN andNN typically is only about0.5%, abouthalf of
thetargetdifferenceof 1%. Thisis goodbecausét suggestshatwe do notlose
asmuchaccurag asmight be expectedwhencreatingthe SNN.

3. On both testproblems,the shapeof the SNN boundis somevhatsimilar to the
shapeof the true error rate. In particulat the local minima in the SNN bound
occurroughly wherethe local minima in the true error ratesoccur The SNN
boundmayweakly predictthe overfitting pointsof the SNN andNN nets.

The comparisorbetweenthe neuralnetwork boundandthe stochastimeuralnetwork
boundis not quite “fair” dueto the form of thebound. In particulat the stochastimeural
network boundcannever returnavaluegreaterthan“alwayserr”. This impliesthatwhen
the boundis nearthevalueof “1”, it is difficult to judgehow rapidly extra exampleswill
improve the stochastiocneuralnetwork bound. We can judge the samplecompleity of
the stochastidooundby plotting the value of the numeratorin equationl. Figure3 plots
the compleity versusthe numberof patternpresentationén training. In this figure, we
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Figure3: We plotthe“complexity” of thestochastimetwork model(numeratoof equation
1) vs. training epoch. Note that the compleity increasesvith moretraining asexpected
andstaysbelow 100, implying norvacuousoundson atraining setof size100.

obsene the expectedresult: the “complexity” (numeratorof equationl) increaseswith
moretrainingandis significantlylessthanthe numberof exampleg(100).

Thestochastiboundis aradicalimprovemenbonthe neuralnetwork boundbut it is not
yet a perfectlytight bound. Giventhatwe do not have a perfectlytight bound,oneimpor-
tantconsideratiorarises:doesthe minimum of the stochastidooundpredictthe minimum
of the true error rate (as predictedby a large holdoutdataset).In particular canwe use
the stochastidoundto determinewhenwe shouldceaseraining? The stochastidound
dependsipon(1) thecomplexity whichincreasesvith trainingtime and(2) thetraininger
ror which decreasewith trainingtime. This dependenceesultsin aminimawhich occurs
at approximatelyl2000patternpresentation$or both of our testproblems. The point of
minimal trueerror (for the stochasti@nddeterministineuralnetworks) occursat approx-
imately 6000 patternpresentation$or the syntheticproblem,andat about18000pattern
presentationfor the ADULT problem,indicatingthatthestochastidoundweaklypredicts
the point of minimumerror. The neuralnetwork boundhasno suchminimum.

Is the choice of 1-5% increasedempirical error optimal? In general,the “optimal”
choiceof the extra error rate dependsupon the learning problem. Sincethe stochastic
neuralnetwork bound(corollary2.4) holdsfor all multidimensionabaussiardistributions,
we arefreeto optimizethe choiceof distribution in anyway we desire.Figure4 shovsthe
resultingboundfor differentchoicesof posterior@). The boundhasa minimumat0.03
extra errorindicatingthatour initial choicesof 0.01 and0.05 arein theright ballpark,and
0.05 maybeunnecessarillarge. Largerdifferencesn empiricalerrorratesuchas0.05 are
easielto obtainreliably with fewer samplegrom the stochastiaeuralnet,but we have not
haddifficulty usingasfew as100samplesrom the SNN with assmallasa 1% increasen
empiricalerror. Also notethatthe complexity alwaysdecreasewith increasingentropy in
thedistribution of our stochasticeuralnet. The existenceof aminimumin Figure4 is the
“right” behaiour: theincreasedmpiricalerrorrateis significantin the calculationof the
trueerrorbound.

4 Conclusion

We have applieda PAC-Bayesboundfor thetrue errorrateof a stochastimeuralnetwork.
The stochastimeuralnetwork boundresultsin a radically tighter (2 — 3 ordersof mag-
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Figure4: Plotof thestochasticmeuralnet(SNN) boundfor “posterior” distributionschosen
accordingto the extraempiricalerrorthey introduce.

nitude)boundon the true error rate of a classifierwhile increasinghe empiricalandtrue
errorratesonly a smallamount.

Although,the stochastimeuralnetboundis not completelytight, it is notvacuouswith
just 100 — 200 examplesand the minima of the boundweakly predictsthe point where
overtrainingoccurs.

The results with two datasets(one synthetic and one from UCI) are extremely
promising—theboundsare orders of magnitude better Our next stepwill beto testthe
methodon more datasetausing a greatervariety of net architecturego insurethat the
boundsremaintight. In addition,thereremainmary opportunitiesfor improving the ap-
plicationof the bound.For example,it is possiblethatshifting the weightswhenfinding a
maximumacceptablevariancewill resultin atighterbound.Also, we have nottakeninto
accounsymmetrieswithin the network which would allow for atighterboundcalculation.
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