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Abstract

Wepresentanew approachto boundingthetrueerrorrateof acontinuous
valuedclassifierbaseduponPAC-Bayesbounds.Themethodfirst con-
structsa distribution over classifiersby determininghow sensitive each
parameterin the modelis to noise. The trueerror rateof the stochastic
classifierfoundwith thesensitivity analysiscanthenbetightly bounded
usinga PAC-Bayesbound.In this paperwe demonstratethemethodon
artificial neuralnetworkswith resultsof a

�����
orderof magnitudeim-

provementvs. thebestdeterministicneuralnetbounds.

1 Introduction

In machinelearningit is importantto know the trueerror ratea classifierwill achieve on
future testcases.Estimatingthis error ratecanbe suprisinglydifficult. For example,all
known boundsonthetrueerrorrateof artificial neuralnetworkstendto beextremelyloose
andoftenresultin themeaninglessboundof “alwayserr” (errorrate= 1.0).

In thispaper, wedonot boundthetrueerrorrateof aneuralnetwork. Instead,webound
thetrueerrorrateof a distribution overneuralnetworkswhich we createby analysingone
neuralnetwork. (Hence,the title.) This approachprovesto be muchmorefruitful than
trying to boundthe trueerror rateof an individual network. Thebestcurrentapproaches
[1][2] oftenrequire �����	� , �����	�	� , or moreexamplesbeforeproducinganontrivial boundon
thetrueerrorrate.Weproducenontrivial boundsonthetrueerrorrateof astochasticneural
network with lessthan ���	� examples. A stochasticneuralnetwork is a neuralnetwork
whereeachweight 
�� is perturbedby agaussianwith variance
��� every timeit is evaluated.

Our approachusesthe PAC-Bayesbound[5]. The approachcanbe thoughtof asa
redivisionof thework betweentheexperimenterandthetheoretician:wemake theexperi-
menterwork hardersothat thetheoretician’s trueerrorboundbecomesmuchtighter. This
“extra work” on thepartof theexperimenteris significant,but tractable,andtheresulting
boundsaremuch tighter.

An alternative viewpoint is that theclassificationproblemis finding a hypothesiswith
a low upperboundon thefutureerrorrate. We presenta post-processingphasefor neural
networkswhich resultsin a classifierwith a muchlower upperboundon the future error
rate. Thepost-processingcanbeusedwith any artificial neuralnet trainedwith any opti-
mizationmethod;it doesnot requirethe learningprocedurebe modified,re-run,or even
thatthethresholdfunctionbedifferentiable.In fact,thispost-processingstepcaneasilybe
adaptedto otherlearningalgorithms.

David MacKay[4] hasdonesignificantwork to make approximateBayesianlearning
tractablewith a neuralnetwork. Our work hereis complimentaryratherthancompetitive.
Weexhibit a techniquewhichwill likely givenontrivial trueerrorrateboundsfor Bayesian



neuralnetworksregardless of approximationor prior modelingerrors.Verificationof this
statementis work in progress.

Thepost-processingstepfindsa “large” distributionoverclassifiers,which hasa small
average empiricalerror rate. Given the averageempiricalerror rate,it is straightforward
to applythePAC-Bayesboundin orderto find a boundon theaverage trueerrorrate.We
find this largedistribution over classifiersby performinga simplenoisesensitivy analysis
on the learnedmodel. The noisemodelallows us to generatea distribution of classifiers
with aknown, small,averageempiricalerrorrate.In this paperwe referto thedistribution
of neuralnetsthatresultsfrom thisnoiseanalysisasa stochasticneuralnetmodel.

Why doweexpectthePAC-Bayesboundto beasignificantimprovementoverstandard
covering numberand VC boundapproaches?Thereexist learningproblemsfor which
the differencebetweenthe lower boundandthe PAC-Bayesupperboundaretight up to����� ������ where � is thenumberof trainingexamples.This is superiorto theguarantees
which canbemadefor typical coveringnumberboundswherethe gapis, at best,known
upto an(asymptotic)constant.TheguaranteethatPAC-Bayesboundsaresometimesquite
tight encouragesusto applythemhere.

Thenext sectionswill:

1. Describetheboundswewill compare.

2. Describeouralgorithmfor constructingadistributionoverneuralnetworks.

3. Presentexperimentalresults.

2 Theoretical setup
We will work in thestandardsupervisedbatchlearningsetting.This settingstartswith the
assumptionthatall examplesaredrawn from somefixed(unknown) distribution, � , over
(input, output) pairs, ��� �"!$# . Theoutput ! is drawn from the space% � �����	& andthe input
spaceis arbitrary. Thegoalof machinelearningis to usea sampleset ' of � pairsto find
a classifier, ( , which mapsthe input spaceto theoutputspaceandhasa small trueerror,) �*(+#-,/.10324�*( ����#657 !$# . Sincethe distribution � is unknown, the true error rateis not
observable.However, we canobserve theempiricalerrorrate, 8) �*(+#9,:.;03< �*( ���+#=57 !$# 7>�@? ��BA > ( ��� � #C57 ! � .

Now thatthebasicquantitiesof interestaredefined,wewill first presentamodernneu-
ral network bound,thenspecializethePAC-Bayesboundto astochasticneuralnetwork. A
stochasticneuralnetwork is simply a neuralnetwork whereeachweight in theneuralnet-
work is drawn from somedistribution whenever it is used.We will describeour technique
for constructingthedistributionof thestochasticneuralnetwork.

2.1 Neural Network bound
We will comparea specializationof thebestcurrentneuralnetwork trueerror ratebound
[2] with our approach.The neuralnetwork boundis describedin termsof the following
parameters:

1. A margin, �EDGFHDI� .
2. An arbitrary function (unrelatedto the neuralnetwork sigmoid function) J de-

finedby JK���+# 7 � if �LDM� , JK�N�+# 7 � if �POQ� , andlinearin between.

3. RS� , anupperboundon thesumof themagnitudeof theweightsin the T th layerof
theneuralnetwork

4. U � , a Lipschitz constantwhich holdsfor the T th layer of the neuralnetwork. A
Lipschitzconstantis a boundon themagnitudeof thederivative.

5. V , thesizeof theinputspace.
With theseparametersdefined,wegetthefollowing bound.

Theorem 2.1 (2 layer feed-forward Neural Network true error bound).;02 WYX (6Z\[�] ) �*(+#^O`_Bacbdfe �gFh#jilkMm



where e ��Fn# 7 >�M?loqp	r sut Jwv s�x	oqp�tdzy={ �}| ��~d ���$� ��� >� U > U � R > R � {�� �� � � � � � �| �
Proof: Givenin [2]. �

The theoremis actuallyonly given up to a universalconstant. “
���

” might be the right
choice,but this is just an educatedguess.The neuralnetwork true error boundabove is
(perhaps)the tightestknown boundfor generalfeed-forwardneuralnetworksandso it is
thenaturalboundto comparewith.

This2 layerfeed-forwardboundis noteasilyappliedin atight mannerbecausewecan’t
calculatea priori whatour weightbound RS� shouldbe. This canbepatchedup usingthe
principleof structuralrisk minimization.In particular, wecanstatetheboundfor R > 7��h�
where� is somenon-negativeintegerand � Ol� is a constant.If the � th boundholdswith
probability �~ �E�� � , thenall boundswill holdsimultaneouslywith probability � � m , since��� A > �� � 7�� ��
Applying this approachto thevaluesof both R > and R � , wegetthefollowing theorem:

Theorem 2.2 (2 layer feed-forward Neural Network true error bound).102 W X (wZ\[�] ) �*(+#^O@_qa$bd �3� e �gF��������$# i k`m
where e ��FK�����3�$# 7 >� ? Jwv s�x	oqp�td y={ � | ��~d ��� � ��� >� U > U � � ���K� {�� �� � ���u �¡ ��¢£�¤�¥ � � �| �

Proof: Apply theunionboundto all possiblevaluesof � and � asdiscussedabove. �
In practice,we will use �¦7 � 7 �	§B� andreportthevalueof thetightestapplicablebound
for all ���3� .

2.2 Stochastic Neural Network bound

Our approachwill startwith a simplerefinement[3] of theoriginal PAC-Bayesbound[5].
We will first specializethisboundto stochasticneuralnetworksandthenshow thattheuse
of thisboundin conjunctionwith apost-processingalgorithmresultsin amuchtightertrue
errorrateupperbound.

First,we will needto definesomeparametersof thetheorem.

1. ¨ is a distribution over thehypotheseswhich canbefoundin anexampledepen-
dentmanner.

2. © is a distribution over thehypotheseswhich is chosena priori—without depen-
denceon theexamples.

3. )«ª �*(+# 7�¬ x�­ ª;) �*(+# is the true error rateof the stochastichypothesiswhich, in
any evaluation,drawsa hypothesis( from ¨ , andoutputs( ����# .

4. 8)«ª �*(+# 7®¬ x«­ ª 8) ��(¯# is the averageempirical error rate of the samestochastic
hypothesis.

Now, we arereadyto statethetheorem.

Theorem 2.3 (PAC-Bayes Relative Entropy Bound) For all priors, © ,

.102 W X ¨°] KL �u8)«ª ��(¯#�±q± )«ª �*(+#"#³² KL ��¨´±q± ©µ# {�¶ a � ��� � � i k·m
where KL �*¨´±B± ©µ# 7:¸ x;¹ �*(+# ¶ a»º oBx�t¼ o½x�t V�( is the Kullback-Leibler divergence between the dis-
tributions ¨ and © and KL �u8)«ª �*(+#�±B± )�ª �*(+#"# is the KL divergence between a coin of bias8)«ª �*(+# and a coin of bias )«ª �*(+# .



Proof: Givenin [3]. �
We needto specializethis theoremfor applicationto a stochasticneuralnetwork with a
choiceof the “prior”. Our “prior” will be zeroon all neuralnet structuresotherthanthe
onewe train anda multidimensionalisotropicgaussianon thevaluesof theweightsin our
neuralnetwork. The multidimensionalgaussianwill have a meanof � anda variancein
eachdimensionof e � . Thischoiceis madefor convenienceandhappensto work.

Theoptimalvalueof e is unknown anddependenton the learningproblemsowe will
wish to parameterizeit in an exampledependentmanner. We cando this usingthesame
trick asfor theoriginal neuralnetbound.Usea sequenceof boundswhere e 7:¾u� � for ¾
and � someconstantsand � a nonnegativenumber. For the � th boundset mµ¿ � �~ � � � . Now,
the union boundwill imply that all boundshold simultaneouslywith probability at least� � m .

Now, assumingthatour “posterior” ¨ is alsodefinedby a multidimensionalgaussian
with themeanandvariancein eachdimensiondefinedby 
�� and 
 �� , we canspecializeto
thefollowing corollary:

Corollary 2.4 (Stochastic Neural Network bound) Let � be the number of weights in a
neural net, 
 � be the T th weight and 
 � be the variance of the T th weight. Then, we have

.102ÁÀÂ X ¨°] KL �u8)«ª ��(¯#�±q± )«ª �*(+#"#�²`_Bacb� ? ��qA >	Ã ¶ aÅÄjÆ ¡ÇjÈ { Ç �È �hÉ �È� Ä � Æ � ¡ � >�	Ê {�¶ a ~ � � � �Ë �� � � ÌÍ k·m (1)

Proof: Analytic calculationof theKL divergencebetweentwo multidimensionalGaus-
siansandtheunionboundappliedfor eachvalueof � . �
We will choose�H7 �	§B� and ¾97 �$§ � asreasonabledefault values.

Onemore stepis necessaryin order to apply this bound. The essentialdifficulty is
evaluting 8) ª �*(+# . This quantity is observablealthoughcalculatingit to high precisionis
difficult. We will avoid the needfor a direct evaluationby a montecarlo evaluationand
a boundon the tail of themontecarloevaluation.Let 8)³Îª ��(¯#�,�.10 Îª r < �*( ���+#´57 !$# be the
observedrateof failureof a Ï randomhypothesesdrawn accordingto ¨ andappliedto a
randomtrainingexample.Then,thefollowing simpleboundholds:

Theorem 2.5 (Sample Convergence Bound) For all distributions, ¨ , for all sample sets ' ,.10ª W
KL �u8)^Îª �*(+#�±B±�8)«ª ��(¯#�#^² ¶ a ��Ï i�kMm

where Ï is the number of evaluations of the stochastic hypothesis.

Proof: This is simply anapplicationof theChernoff boundfor the tail of a Binomial
wherea “head”occurswhenanerroris observedandthebiasis 8) ª ��(¯# . �
In orderto calculateaboundontheexpectedtrueerrorrate,wewill firstboundtheexpected
empiricalerrorrate 8)«ª ��(¯# with confidence�� thenboundtheexpectedtrueerrorrate )«ª �*(+#
with confidence�� , usingour boundon 8)«ª ��(¯# . Sincethetotal probabilityof failureis only�� { �� 7 m our boundwill hold with probability � � m . In practice,we will use Ï 7 �����	�
evaluationsof theempiricalerrorrateof thestochasticneuralnetwork.

2.3 Distribution Construction algorithm
Onecritical stepis missingin thedescription:How do we calculatethemultidimensional
gaussian,¨ ? Thevarianceof theposteriorgaussianneedsto bedependenton eachweight
in orderto achieveatight boundsincewewantany “meaningless”weightsto notcontribute
significantlyto the overall samplecomplexity. We usea simplegreedyalgorithmto find
theappropriatevariancein eachdimension.

1. Train aneuralneton theexamples

2. For every weight, 
�� , searchfor the variance, 
 �� , which reducesthe empirical
accuracy of thestochasticneuralnetwork by somefixedtargetpercentage(weuse� �ÑÐ�Ò

) while holdingall otherweightsfixed.
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Figure1: Plot of measurederrorsanderror boundsfor the neuralnetwork (NN) andthe
stochasticneuralnetwork (SNN) on thesyntheticproblem.Thetrainingsethas100cases
andthereductionin empiricalerror is 5%. Note thata trueerrorboundof “100” (visible
in thegraphon the left) implies thatat least Õ�Ö	Ö�× moreexamplesarerequiredin orderto
make a nonvacuousbound.Thegraphon theright expandstheverticalscaleby excluding
thepoortrueerrorboundthathaserrorabove100.Thecurvesfor NN andSNN arequali-
tatively similar on thetrain andtestsets.As expected,theSNN consistentlyperforms5%
worsethanthe NN on the train set(easierto seein the graphon the right). Surprisingly,
theSNN performsworsethantheNN by lessthan5% on thetestsets.Both NN andSNN
exhibit overfitting after about6000-12000patternpresentations(600-1200epochs).The
shapeof theSNN boundroughlymimicstheshapeof theempiricallymeasuredtrueerror
(this is morevisible in thegraphontheright) andthusmightbeusefulfor indicatingwhere
thenetbeginsoverfitting.

3. Thestochasticneuralnetwork definedby Ø�Ù³Ú�Û9Ü ×ÚÞÝ will generallyhaveatoo-large
empiricalerror. Therefore,we calculatea global multiplier ßMà/Õ suchthat the
stochasticneuralnetwork definedby Ø�Ù Ú Û9ß+Ü�×Ú Ý decreasestheempiricalaccuracy
by only thesameÕ�á¦â�ã (absoluteerrorrate)usedin Step2.

4. Then,we evaluatethe empiricalerror rateof the resultingstochasticneuralnet
by repeatedlydrawing samplesfrom the stochasticneuralnetwork. In the work
reportedhereweuse Õ�Ö�ÖCá·Õ�Ö�Ö	Ö samples.

3 Experimental Results

How well canwe boundthe trueerror rateof a stochasticneuralnetwork? Theansweris
much betterthanwecanboundthetrueerrorrateof a neuralnetwork.

We usetwo datasetsto empiricallyevaluatethequalityof thenew bound.Thefirst is a
syntheticdatasetwhich has25 input dimensionsandoneoutputdimension.Most of these
dimensionsareuseless—simplyrandomnumbersdrawn from a ä�åNÖYÛ�Õ�æ Gaussian.Oneof
the 25 input dimensionsis dependenton the label. First, the label ç is drawn uniformly
from Ø�á4Õ	Û�Õ Ý , thenthespecialdimensionis drawn from a ä�å�ç�Û�Õ�æ Gaussian.Notethatthis
learningproblemcannot besolvedperfectlybecausesomeexampleswill bedrawn from
thetailswherethegaussiansoverlap.The“ideal” neuralnetto usein solvingthissynthetic
problemis asinglenodeperceptron.We will insteadusea2 layerneuralnetwith 2 hidden
nodesusingthesigmoidtransferfunction.Thisoverly complex neuralnetwill resultin the
potentialfor significantoverfittingwhich makestheboundpredictionprobleminteresting.
It is alsosomewhatmore“realistic” if theneuralnetstructuredoesnot exactly matchthe
learningproblem.

The seconddatasetis the ADULT problemfrom the UCI MachineLearningRepos-
itory. We usea 2 layer neuralnet with 2 hiddenunits for this problemaswell because
preliminaryexperimentsshowedthatnetsthis small canoverfit theADULT datasetif the
trainingsampleis small.

To keepthingschallenging,we usejust Õ�Ö�ÖèáMéêÖ	Ö examplesin our experiments.As
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Figure2: Plot of measurederrorsanderror boundsfor the neuralnetwork (NN) andthe
stochasticneuralnetwork (SNN) on the UCI ADULT dataset. Thesegraphsshow the
resultsobtainedusinga 1% reductionin empiricalerror insteadof the5% reductionused
in Figure1. Thetrainingsamplesizefor this problemis 200cases.NN andSNN exhibit
overfittingafterapproximately12000patternpresentations(600epochs).As in Figure1, a
trueerrorboundof “100” impliesthatat least Õ�Ö�Ö	× moreexamplesarerequiredin orderto
make a nonvacuousbound.Thegraphon theright expandstheverticalscaleby excluding
thepoortrueerrorbound.

we will seein Figures1 and2, constructinga nonvacuousboundfor a continuoushypoth-
esisspacewith only Õ�Ö	Ö-á·é	Ö	Ö examplesis quite difficult. The conventionalboundsare
hopelesslyloose.

Figure 1 shows the resultsfor the syntheticproblem. For this problemwe use100
trainingcasesanda 5% reductionin empiricalerror. Theresultsfor theADULT problem
arepresentedin Figure2. For this problemwe use200trainingcasesanda 1% reduction
in empiricalerror. Experimentsperformedon theseproblemsusingsomewhatsmallerand
larger trainingsamplesyieldedsimilar results.Thechoiceof reductionin empiricalerror
is somewhatarbitrary. We seequalitatively similar resultsif we switch to a 1% reduction
for thesyntheticproblemanda 5%reductionfor theADULT problem.

Thereareseveralthingsworth notingabouttheresultsin thetwo figures.

1. The SNN upperboundsare 2-3 ordersof magnitudelower than the NN upper
bounds.While not astight asmight bedesired,theSNN upperboundsareorders
of magnitudebetterandarenotvacuous.

2. TheSNNsperformsomewhatbetterthanexpected.In particular, on thesynthetic
problemthe SNN true error rate is at most ëcã worsethanthe true error rateof
the NN (true error ratesare estimatedusing large test sets). This is suprising
consideringthat we fixed the differencein empirical error ratesat â�ã for the
syntheticproblem. Similarly, on the ADULT problemwe observe that the true
error ratesbetweentheSNN andNN typically is only about0.5%,abouthalf of
thetargetdifferenceof 1%. This is goodbecauseit suggeststhatwe do not lose
asmuchaccuracy asmight beexpectedwhencreatingtheSNN.

3. On both testproblems,the shapeof the SNN boundis somewhat similar to the
shapeof the true error rate. In particular, the local minima in the SNN bound
occur roughly wherethe local minima in the true error ratesoccur. The SNN
boundmayweaklypredicttheoverfittingpointsof theSNN andNN nets.

Thecomparisonbetweentheneuralnetwork boundandthestochasticneuralnetwork
boundis not quite “f air” dueto theform of thebound. In particular, thestochasticneural
network boundcannever returna valuegreaterthan“alwayserr”. This impliesthatwhen
theboundis nearthevalueof “ Õ ”, it is difficult to judgehow rapidly extra exampleswill
improve the stochasticneuralnetwork bound. We can judge the samplecomplexity of
the stochasticboundby plotting the valueof the numeratorin equation1. Figure3 plots
the complexity versusthe numberof patternpresentationsin training. In this figure, we
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Figure3: Weplot the“complexity” of thestochasticnetwork model(numeratorof equation
1) vs. training epoch.Note that the complexity increaseswith moretraining asexpected
andstaysbelow ����� , implying nonvacuousboundson a trainingsetof size ���	� .
observe the expectedresult: the “complexity” (numeratorof equation1) increaseswith
moretrainingandis significantlylessthanthenumberof examples(100).

Thestochasticboundis aradicalimprovementontheneuralnetwork boundbut it is not
yet a perfectlytight bound.Giventhatwe do not have a perfectlytight bound,oneimpor-
tantconsiderationarises:doestheminimumof thestochasticboundpredicttheminimum
of the true error rate(aspredictedby a large holdoutdataset).In particular, canwe use
the stochasticboundto determinewhenwe shouldceasetraining? The stochasticbound
dependsupon(1) thecomplexity which increaseswith trainingtimeand(2) thetraininger-
ror which decreaseswith trainingtime. Thisdependenceresultsin a minimawhichoccurs
at approximately12000patternpresentationsfor bothof our testproblems.The point of
minimal trueerror(for thestochasticanddeterministicneuralnetworks)occursat approx-
imately 6000patternpresentationsfor the syntheticproblem,andat about18000pattern
presentationsfor theADULT problem,indicatingthatthestochasticboundweaklypredicts
thepoint of minimumerror. Theneuralnetwork boundhasno suchminimum.

Is the choiceof 1-5% increasedempirical error optimal? In general,the “optimal”
choiceof the extra error rate dependsupon the learningproblem. Sincethe stochastic
neuralnetwork bound(corollary2.4)holdsfor all multidimensionalgaussiandistributions,
we arefreeto optimizethechoiceof distribution in anywaywe desire.Figure4 shows the
resultingboundfor differentchoicesof posterior ¨ . The boundhasa minimum at �Y§ � �
extra errorindicatingthatour initial choicesof �Y§ �Y� and �Y§ � Ð arein theright ballpark,and�$§ � Ð maybeunnecessarilylarge.Largerdifferencesin empiricalerrorratesuchas �Y§ � Ð are
easierto obtainreliablywith fewersamplesfrom thestochasticneuralnet,but wehavenot
haddifficulty usingasfew as100samplesfrom theSNN with assmallasa1%increasein
empiricalerror. Also notethatthecomplexity alwaysdecreaseswith increasingentropy in
thedistributionof ourstochasticneuralnet.Theexistenceof aminimumin Figure4 is the
“right” behaviour: theincreasedempiricalerrorrateis significantin thecalculationof the
trueerrorbound.

4 Conclusion

We haveapplieda PAC-Bayesboundfor thetrueerrorrateof a stochasticneuralnetwork.
The stochasticneuralnetwork boundresultsin a radically tighter (

�-�@�
ordersof mag-
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Figure4: Plotof thestochasticneuralnet(SNN)boundfor “posterior”distributionschosen
accordingto theextraempiricalerrorthey introduce.

nitude)boundon the trueerror rateof a classifierwhile increasingtheempiricalandtrue
errorratesonly a smallamount.

Although,thestochasticneuralnetboundis notcompletelytight, it is notvacuouswith
just ����� �@� �	� examplesand the minima of the boundweakly predictsthe point where
overtrainingoccurs.

The results with two datasets(one synthetic and one from UCI) are extremely
promising—theboundsareorders of magnitude better. Our next stepwill be to test the
methodon more datasetsusing a greatervariety of net architecturesto insure that the
boundsremaintight. In addition,thereremainmany opportunitiesfor improving the ap-
plicationof thebound.For example,it is possiblethatshifting theweightswhenfinding a
maximumacceptablevariancewill resultin a tighterbound.Also, we have not takeninto
accountsymmetrieswithin thenetwork whichwouldallow for a tighterboundcalculation.

References
[1] PeterBartlett, “The SampleComplexity of PatternClassificationwith Neural Net-

works: The Size of the Weights is More Importantthan the Size of the Network”,
IEEE Transactionson InformationTheory, Vol. 44,No. 2, March1998.

[2] V. Koltchinskii and D. Panchenko, “Empirical Margin Distributions and
Bounding the Generalization Error of Combined Classifiers”, preprint,
http://citeseer.nj.nec.com/386416.html

[3] JohnLangfordandMatthiasSeeger, “Bounds for AveragingClassifiers.” CMU tech
report,2001.

[4] David MacKay, “ProbableNetworksandPlausiblePredictions- A Review of Practical
BayesianMethodsfor SupervisedNeuralNetworks”, ??

[5] David McAllester, “SomePAC-Bayesbounds”,COLT 1999.


