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Abstract

We present an analogy between large plastic deformations of polycrystals and turbulent flows in fluid
dynamics. The analogy explains a number of effects observed during large deformations, still unexplained
in the language of plasticity theory. We also propose a phenomenological criteria characterizing the
“turbulence” of polycrystals. Using this criteria, the paper shows that simple shear is possible only in
materials whose representative elements admit a non-symmetric component of the corresponding velocity
gradient. If this condition is not satisfied, the material only imitates simple shear replacing it with pure
shear.

Keywords: Large plastic deformation, turbulence, simple shear, pure shear, severe plastic deformation,
analogy, microstructure

1 Introduction

There are many unanswered questions on the border between the mechanics of large plastic deformations
and materials science. For example, why do upsetting and torsion tests often share a universal stress-
strain curve under a relatively small equivalent strain, while when the strain is large, these curves diverge
sharply? Why does hardening saturate after several passes of equal-channel angular pressing (ECAP) and
twist extrusion (TE), while subsequent rolling and direct extrusion increase the yield stress? Why after
multiple ECAP or TE passes, does metal ductility cease to decline and even go up? Why don’t we see
micropores in submicrocrystalline materials obtained using Severe Plastic Deformation (SPD) methods,
while such inhomogeneities are present in materials that underwent the same strain via other methods?
Finally how do we distinguish severe from large plastic deformations?

We believe that such questions can be answered using an analogy of large plastic deformations of poly-
crystals with turbulence in fluid dynamics. This is what the paper is about.

2 The Basic Idea

As shown theoretically [1, 2] and experimentally [3, 4], the internal stress emerging when a polycrystal un-
dergoes plastic deformation, causes bends and shifts in the crystal lattice—a process that can be described
using a random vortex displacement field. For a certain value of lattice curvature, it becomes energy-efficient
for a disorientation boundary to appear, decreasing the elastic energy of the crystal. The latter energy par-
tially transforms into the elastic energy of the newly formed smaller fragments and into the surface energy
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of their boundaries. A portion of it dissipates when the fragments adjust to their neighborhood. In addi-
tion, relative orientations of the elements gradually penetrate lower-lying scales, which creates progressively
smaller pulsations in the random vortex displacement field. Sliding along deformation boundaries causes the
grain refinement process to stop once the fragment size becomes sufficiently small [5]. The smallest fragment
size for a given material is determined by deformation conditions (e.g., deformation scheme, strain rate,
temperature, hydrostatic pressure).

This view resembles the development of turbulence in fluids, when large-scale vortices lose their stability
creating smaller-scale vortices. The kinetic energy transfers from large-scale to lower-scale levels until it
reaches the smallest scale where it dissipates due to viscosity [6]. The difference between the grain refinement
process and turbulence is that instead of kinetic energy we have the elastic potential energy of a polycrystal.

This connection between polycrystal grain refinement and turbulence in fluids goes back to Taylor [7],
who pointed out that in both cases there originate random strain and displacement fields, which are charac-
terized by the presence of pulsations on different scales. This is evidenced by microstructures of deformed
polycrystals [8, 9] whose random structures resemble turbulent flows in fluids [10].

A strong evidence in support of the analogy is the deformation-induced intermixing of different phases
and inclusions [9]. This effect is one of the most important manifestations of a turbulent flow and is explained
by active mixing [6]. Figure 2 shows microstructures of phosphorous-copper alloy (8.5 mass % of P) and
secondary aluminum alloy (silumin, 6-8 mass % Si) before and after two passes of twist extrusion. It is clear
that twist extrusion leads to intense grain refinement and erosion of large inclusions of the α-phase into the
phosphorous-copper alloy (Figure 2a and b) and eutectic second-phase particles in the silumin (Figure 2c
and d).

The described analogy allows one to apply several ideas which proved to be useful in investigating
turbulence, to describing plastic deformations and fracture. One such idea is the structural self-similarity of
random strain and displacement fields. For example, Barenblatt [13] uses the assumption of self-similarity
of a microcrack ensemble to describe the process of multiple-point fracture. As another example, the self-
consistent model for polycrystals proposed in [12] is a cellular automata with a self-similar structure. This
allowed the authors to account for the multi-level structure of the material introducing the notion of a fractal
yield surface. The latter revealed an additional connection between micromechanical models of polycrystals
and the phenomenological theory of plasticity. Finally, the model of metal grain refinement and fracture
proposed in [5] is based on the assumption of self-similarity of a high-angle boundary net and the limiting
fragment size. The results in [5] will be used substantially in this paper.

The following sections present several new observations about large plastic formations based on the
analogy above.

3 A phenomenological parameter characterizing the “turbulence”
of polycrystals

Let us introduce a dimensionless parameter that, in some precise sense, is analogous to the Reynolds number
and can characterize the turbulence of polycrystals. The Reynolds number is essentially the ratio of kinetic
energy per unit fluid volume to specific dissipation energy. Consequently, it quantifies the effectiveness of a
given fluid in dissipating the supplied energy. The analogous parameter of a polycrystal has the following
form:

R′ =
stress energy

dissipation energy
. (1)

Considering relation (1) for uniaxial tension, for an infinitely small time interval dt, we get

R′ =
σu(ėel + ė)dt

σuėpdt
= 1 +

1
E

dσu
dep

(2)

where σu is the true stress, ėel and ėp are the elastic strain rate and the plastic deformation rate respectively,
and E is the Young modulus.
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Expression (2) should be viewed as indicating that the coefficient of strain hardening dσu

dep
(which is

successfully used for identifying strain hardening stages [14, 15]) can characterize the “turbulence” build-up
in a polycrystal.

During grain refinement, a high-angle boundary net starts to grow in a self-similar fashion [5]. When
the strain is ep2 , the geometric pattern of the boundary ensemble is the same as that at ep1 , only scaled by
a factor of f = f( ep2

ep1
). The scaling function should satisfy the obvious condition f( ep3

ep1
) = f( ep2

ep1
)f( ep3

ep2
),

which implies that f ∼ ( ep2
ep1

)m, and thus the average grain size is a function of ep. Taking into account the
Hall-Petch relation, σu is a power function of ep during grain refinement:

σu ∼ enp . (3)

Thus we can take

R =
(

1
σu

dσu
dep

)−1

. (4)

as the dimensionless parameter quantifying the “turbulence” of a polycrystal (i.e., the intensity of high-angle
boundary formation). Indeed, from (3) and (4), under intense formation of high-angle boundaries, parameter
R has an intermediate asymptotics of

R ∼ 1
n
ep. (5)

Thus the interval bep1 , ep2c, where R(ep) has intermediate asymptotics (5), corresponds to the stage of
intense grain refinement. Figure 1 shows a typical dependence for R(ep). According to [5], increasing R
when ep > ep2 , with a departure from a linear dependence, points to the fact that grain refinement fades
due to sliding along high-angle boundaries.

Relations (2) and (4) assume a simple uniaxial deformation. For an arbitrary stress-strain state, σu
should be the intensity of the strain deviator, and ep the equivalent strain. Thus according to (4), in order
to compute R for an arbitrary deformation process, we need to experimentally obtain σu(ep). To do that,
we need to determine the value of σu after each deformation pass. This can be done using either the yield
stress YS or the Vickers hardness number (HV) of the specimen. The first method is based on the von Mises
plasticity condition according to which σu = YS. The second is based on (σu − HV) (which is the same
for all strain states) and a calibration curve obtained, for example, using upsetting test experiments. With
a sufficiently high precision, metals that underwent a strain of at least 0.3-0.4, have a linear dependence
between σu and HV [16]. In this case, we can take

R =
(

1
HV

d (HV)
dep

)−1

. (6)

Figure 3b plots R(ep) for titanium BT1-0, based on the experimental dependence of its yield stress YS on the
strain rate in Twist Extrusion (TE) (Figure 3a). Recall that according to the von Mises plasticity condition,
σu = YS. The equivalent strain ep in TE was obtained using a numerical method described in [16]. In
agreement with a previous discussion, the dependence in Figure 3b shows that the most intense formation
of high angle boundaries under TE occurs when the equivalent strain is 1.5-3.5, which corresponds to passes
two to four.

4 On simple shear and its imitation

In mechanics, a simple shear is a deformation process defined by the velocity field

V1 = kx2, V2 = V3 = 0. (7)
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Such a field is realized, for example, for a laminar flow of fluid between two parallel blades moving relative
to each other.

The velocity gradient corresponding to field (7) has a symmetric and a non-symmetric component. The
symmetric component characterizes the strain rate, the non-symmetric—the rotation rate. Indeed, plugging
(7) into a well-known decomposition of the velocity gradient

∂Vi
∂xk

=
1
2

(
∂Vi
∂xk

+
∂Vk
∂xi

)
+

1
2

(
∂Vi
∂xk
− ∂Vk
∂xi

)
= ėik + ωik, (8)

we get

ė12 = ė21 = 0.5k, ω12 = −ω21 = 0.5k. (9)

The j-th component of the vorticity can be determined using the formula (see, for example, [17])

(rot ~V )j = εjkiωik. (10)

For the rotation velocity, the corresponding formula is

Ωj =
1
2

(rot ~V )j =
1
2
εjkiωik. (11)

Plugging relations (9) into (10) and (11), we get the following non-zero vorticity and rotation velocity
components:

(rot ~V )3 = −k, Ω3 = −0.5k. (12)

According to (12), each material point of the specimen has a non-zero vorticity. The main assumption of
continuum mechanics is that a material point is a representative volume element (RVE) of the material,
containing a large number of its structural elements. Taking this assumption into account, let us see what
requiring a non-zero vorticity implies in relation to an RVE.

Imagine describing an arbitrary contour Γ around any material point. Stokes’ theorem (see, for example,
[17]) ∮

Γ

Vτdl =
∫
S

(rot ~V )3dS (13)

and relation (12) imply that the contour integral on the left equals −kS. Contract the contour to the
considered material point and shift to a lower scale where the RVE already has some internal structure. (See
Figure 4 for a schematic illustration.) During plastic deformation, a velocity field ~ν is formed inside the
RVE. Applying Stokes’ theorem to this field and using the obvious fact

∮
Γ
ντdl =

∮
Γ
Vτdl = −kS, we get∫

S

(rot~ν)3dS =
∮

Γ

ντdl = −kS.

This relation implies the following expression for the expected value of a vorticity component inside the
RVE:

〈(rot~ν)3〉 = −k, (14)

where 〈·〉 denotes the expectation across the RVE volume. The RVE can’t rotate as a whole. So for
relation (14) to hold, we need structural elements to rotate with an average rate of 〈ω3〉 = −0.5k. This is
what distinguishes simple shear from pure shear. For pure shear, analogous arguments give 〈ω3〉 = 0.

Distributed rotations of structural elements are possible only under grain refinement or free sliding
along high angle boundaries. If neither condition is satisfied, rotations are blocked at the macro-level, in
which case we are left with only the symmetric component of the velocity gradient corresponding to pure
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shear (also known as flat lengthening). This is a fundamental fact that is ignored in the classic plasticity
theory, which does not distinguish between simple and pure shears. Until structural elements can freely
rotate in the representative volume (in every “material point” in the language of continuum mechanics), the
body can only imitate simple shear. (A “material point” does not provide the necessary value of the non-
symmetric component, i.e., vortex.) Thus, when grain refinement is not sufficiently developed and distributed
rotations of structural elements are hindered, an attempt to implement a simple shear accomplishes only flat
lengthening.

As grain refinement advances, forming high-angle boundaries which facilitate rotations, the non-symmetric
component of the velocity gradient increases, and the deformation gradually approaches simple shear. The
latter executes only when structural elements are completely free to rotate, which happens when grain refine-
ment (formation of new boundaries) stops and the solid body becomes ideally plastic (i.e., strain hardening
is lost).

Figure 5a shows our installation for simple shear in the longitudinal center plane of a cylindrical specimen
(developed with a graduate student, Roman Kulagin). The core part consists of two deforming inserts (1)
with semi-cylindrical cutouts that form the specimen enclosure. The inserts are placed into the casings
(2). The inserts (3) allow one to specify the initial shift of the two casings with respect to each other. The
assembled package is then placed into the housing (4) of the same height as the casings (2). Since the casings
are initially shifted with respect to each other, the end face of one juts out of the housing. This installation
is placed inside a thick-walled cylindrical container (not shown), situated on the press. The diameter of the
inner channel of the container equals the diameter of the circle described around the cross-section of the
housing. The end face of the installation is pressed with a plunger of the same diameter as the diameter of
the channel. This induces a relative shift of the casings (2), deforming the specimen (see Figure 5b).

The container has two functions. First, it holds the installation strictly vertical. Second, it can hold
hydraulic fluid, allowing us to implement a shift under pressure. This option is intended for a future
investigation of the effect of strain on simple shear.

Figure 5b makes it seem as if the specimen underwent a simple shear along the longitudinal center plane.
However, the grid plotted on the specimen before the deformation shows that the latter is not a simple
shear but, as strain increases, it approaches simple shear and becomes more and more localized near the
longitudinal center plane. (The experiment was performed with Roman Kulagin.)

It is probably appropriate to introduce a special term for continuous mediums that allow a non-zero
vortex in each material point. Examples of such a medium are models of different fluids, powders, and
submicrocrystalline materials obtained via SPD methods.

Using the parameter R above, a simple shear is realized when R→∞. For practical purposes, a simple
shear is realized with a sufficient freedom of rotation with fragment sliding, when grain refinement is starting
to die out. In the case of TE of titanium, for example, simple shear occurs when R > 20 (see Figure 2b).

The fact that simple shear does not depend on the rotation value (i.e., strain) under a constant pressure
level, supports the absence of strain hardening during simple shear (see Figure 7). This means that the
properties of any material realizing such shear should not depend on the strain, i.e., the material should be
ideally plastic. If viscous strengthening is absent as well, the material loses its stability, and the shear is
realized within a narrow band [5].

The above view explains a number of effects observed during simple shear, including the following:

1. A universal stress-strain curve in upsetting (lengthening) and torsion tests under a relatively small
equivalent strain, and a sharp divergence of these curves when the equivalent strain is large [18, 19].
Since simple shear is impossible under small equivalent strain, torsion turns into a simple lengthening
of the specimen fibers. When the equivalent strain is large, however, a simple shear is realized, with a
characteristic saturation of hardening of the deformed material.

2. Distortion of the specimen surface during torsion [19], explained by the fact that material fiber length-
ening (at a 45◦ angle to the shear plane) leads to lengthening of the entire specimen when rotations
are limited, while the distance between plungers remains constant.

3. Formation of “rollers” during shear (e.g., wear debris formed during friction).
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4. A slow-down of grain refinement and saturation of metal hardening after several passes of equal-channel
angular pressing (ECAP) and twist extrusion (TE). The feasibility of further grain refinement with
hardening via a subsequent rolling or direct extrusion [21, 22].

5. A continuing increase in fragment disorientation angles with an increase in strain under TE, while
fragment size is already constant [23].

The last two effects are explained by the fact that, after sufficiently many passes, ECAP and TE realize
simple shear without strain hardening, with the ceasation of grain refinement, and with fragments free to
rotate. The way the rotations are carried out is not purely mechanical (i.e., as a rotation of rigid balls with
a simultaneous sliding along the boundaries), but rather via the formation of a self-replicating structure (in
the statistical sense). As mentioned earlier, the main distinguishing characteristic of the structure, from
the viewpoint of mechanics, is the ability to provide a non-zero non-symmetric component of the velocity
gradient (vortex) in the representative volume element (RVE). This is precisely why materials with such a
structure can undergo large deformations without getting fractured, i.e., have high ductility (see Section 5).

We conclude with a comment about calculating strain for torsion under pressure. Two formulas are cur-
rently used in the literature [24]. The first is based on calculating logarithmic strain under fiber lengthening;
the second—on viewing this process as a simple shear. According to the above, to calculate strain in this
case we need an expression that would coincide with the first formula under small values of R, and as R
increases, would gradually turn into the second formula.

5 Strain Induced Porosity

As remarked in the beginning of Section 2, plastic deformation of polycrystals forms a random microstrain
field. We analyzed only one related effect, namely the emergence of a random vortex displacement field.
Another effect is strain induced porosity that decreases metal ductility [5, 25, 26, 27]. A high hydrostatic
pressure heals some of the inhomogeneities, thereby slowing down the decrease in ductility. Ref. [5] proposes
a mathematical model describing this process.

According to [5], the change in the total volume of inhomogeneities during plastic deformation under
pressure is due to conflicting processes of formation and healing. The intensity of formation decreases with
an increase in the area of high angle boundaries since the latter allow for a relaxation of microstrains via inter-
grain sliding. In the limit, when a metal forms a structure providing it with ideal plasticity, inhomogeneities
cease formation and the healing process leads to their total disappearance.

From the discussion in Section 3, the processes increasing metal ductility have to occur when ep > ep2
(see Figure 1). Figure 8 shows how relative neck tightening during tearing of titanium specimen depends on
the strain value in TE. (Processing conditions are the same as in Figure 3.) A comparison of the plots in
Figure 3b and Figure 8 supports the proposed hypothesis. Specimen ductility was evaluated using relative
neck tightening during tearing instead of relative lengthening before neck formation. In the absence of
viscous strengthening, ductility characterizes the intensity of strain hardening, which obviously decreases
with strain.

The proposed hypothesis also explains why submicrocrystalline materials obtained using SPD methods
don’t show any micro-inhomogeneities, unlike materials that underwent the same strain via other methods
(as confirmed using high-precision density measurements, electronic microscopy and X-rays; see, for example,
[28, 29]). This happens because as creation of micro-inhomogeneities attenuates, the healing process leads
to their gradual disappearance with subsequent deformation passes.

6 Conclusions

1. There is a fruitful analogy between large plastic deformations of polycrystals and turbulence of fluids.
Ultrafine grained structures and nanostructures obtained using SPD methods can be viewed as a
”frozen turbulence” of polycrystals.
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2. As a dimensionless parameter characterizing the turbulence of polycrystals we can take R =
(

1
σu

dσu

dep

)−1

or R =
(

1
HV

d(HV)
dep

)−1

.

3. Simple shear is possible only in materials whose representative elements admit a non-symmetric com-
ponent of the corresponding velocity gradient. For polycrystals, this means the ability of fragments to
rotate freely due to sliding along the boundaries between them, i.e., the absence of grain refinement
and strain hardening. Using the parameter R above, a simple shear is realized when R → ∞. For
practical purposes, as grain refinement dies out, sufficient freedom of rotation exists for simple shear
to occur. In the case of TE of titanium, for example, simple shear occurs when R > 20.

4. After sufficiently many passes, ECAP and TE realize simple shear without strain hardening, with
the ceasation of grain refinement, and with fragments free to rotate. The way the rotations are
carried out is not purely mechanical (i.e., as a rotation of rigid balls with a simultaneous sliding along
the boundaries), but rather via the formation of a self-replicating structure (in the statistical sense).
As mentioned earlier, the main distinguishing characteristic of the structure, from the viewpoint of
mechanics, is the ability to provide a non-zero non-symmetric component of the velocity gradient
(vortex) in the representative volume element (RVE).
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Figure 1: The nature of the R(ep) dependence. The interval between ep1 and ep2 corresponds to intense
formation of high-angle boundaries.

Figure 2: Microstructures of phosphorous-copper alloy (8.5 mass % of P) (a,b), and secondary aluminum
alloy (silumin, 6-8 mass % Si) (c,d) before (a,c) and after (b,d) two passes of twist extrusion. Deformation
temperature T=1000C, backpressure P=200 MPa.
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Figure 3: Dependence of the yield stress (a) and parameter R (b) on the strain rate during titanium (BT1-0)
deformation using TE. Deformation temperature 400◦ C, anti-pressure 200 MPa, extrusion die with cross-
section size 28 × 18 mm and twist line pitch angle of 45◦ and 55◦. TE was performed as described in [16].
Experiment performed with A. V. Reshetov, O. V. Prokof’eva, and R. Y. Kulagin.

Figure 4: A diagram of an RVE with integration contour Γ.

Figure 5: (a) Our installation for simple shear in the longitudinal center plane of a cylindrical specimen; (b)
the specimen after shift (see text for details)
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Figure 6: The specimen’s grid before (a) and after (b,c) the deformation; (b) and (c) correspond to two
different strain levels.

Figure 7: A diagram showing that simple shear under constant pressure P is invariant to rotation.

Figure 8: Dependence of relative neck tightening during tearing from strain rate in TE. (Processing conditions
are the same as in Figure 3.)
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