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INTRODUCTION

Technologies intended for the production of fine-
grained materials via severe plastic deformation (SPD)
are being actively developed [1]. Therefore, the possi-
bility of prediction of the structural characteristics of a
material produced by an SPD method is of great practi-
cal importance. A tool to obtain such information is
mathematical simulation, since it allows one to choose
optimum deformation schemes that provide the
required set of properties of the end product, to calcu-
late the time to failure for a blank in a certain process,
and to trace the evolution of the structural characteris-
tics of a material.

The classical model of the theory of plasticity [2]
and the generally accepted fracture models of [3–5]
cannot be used for these purposes, since they do not
take into account a number of SPD effects. In particu-
lar, they cannot describe deformation localization in
bands followed by the formation of void layer bands in
deformed blanks that were observed in equal-channel
angular pressing (ECAP) experiments.

To obtain adequate results when simulating SPD
processes, one should take into account the relation
between the processes of grain refinement and void for-
mation. In this work, we present calculations per-
formed in terms of the continuum model of grain refine-
ment and failure during plastic deformation of a poly-
crystal [6] that is based on the principle of
complementarity of these processes (namely, a
decrease in the intensity of one of them cause an
increase in the intensity of the other and vice versa).
Using the results obtained, we draw certain conclusions
regarding the advantages of a certain deformation
scheme and formulate some recommendations con-
cerning its realization.

SIMULATION BACKGROUND

The proposed description of the structural evolution
of a material during plastic deformation is based on
some assumptions and hypotheses, which are substan-
tiated using the following physical data.

Several elementary deformation mechanisms are
realized in polycrystalline materials (dislocation slip,
dislocation cross slip, dislocation climb, twinning);
each of them has a specific activation energy and pro-
vides a certain deformation rate under the given param-
eters of an external action (such as the stress, the strain
rate, and the temperature). Under certain deformation
conditions, operating mechanisms are the mechanisms
that ensure the maximum deformation rate, i.e., the
maximum decrease in the applied load [7].

During deformation, shears are known to be blocked
inside structural elements; as a result, internal micros-
tresses, which are the main cause of strain hardening at
relatively low plastic strains, increase. These stresses
are substantially inhomogeneous and cause bending
and torsion of a crystal lattice; as a result, lattice regions
in which dislocation charges accumulate (so-called
accumulation zones (AZs)) form during plastic defor-
mation [6]. In terms of our model, we assume that these
zones can relax in two ways: via either the relative rota-
tion of individual elements in the crystal lattice and,
thus, the formation of the nucleus of a high-angle grain
boundary or via the formation of a microvoid with a
cross-sectional dimension of about 100 nm. The former
way leads to grain refinement and the related hardening
of the material, and the latter way leads to an increase
in the damage to the material and a decrease in its plas-
ticity. The probabilities of these mechanisms of stress
relaxation are determined by the properties of the mate-
rial, the pressure, the temperature, and the strain rate.
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Microvoids do not change their dimensions during
deformation, and the failure of a material consists in
their gradual accumulation to a certain concentration
(about 0.01 of the material volume), which is taken to
be the criterion of macroscopic failure during plastic
deformation [8].

After [9, 10], we suppose that the transformation of
a crystal structure caused by the appearance of a micro-
void or a high-angle-boundary nucleus proceeds much
faster than deformation. The other relaxation processes
have no time to occur during deformation. This
assumption is justified for cold plastic deformation.

In our model, we introduce two scalar parameters
characterizing a material structure to describe the grain
refinement and failure of metallic materials. The
parameter that reflects the development of a network of
high-angle grain boundaries is taken to be their total
length 

 

S

 

 per unit cross-sectional area of the representa-
tive material volume. The quantitative measure of fail-
ure of the representative volume is the total void vol-
ume 

 

Θ

 

 per unit material volume.

Each fragment consists of a group of cells sur-
rounded by high-angle grain boundaries. Cell bound-
aries form a fine network with a grain size of 

 

d

 

c

 

 along
which high-angle grain boundaries propagate [10]. This
means that 

 

d

 

c

 

 represents the minimum size of a high-
angle grain boundary section or the minimum fragment
size. This parameter is specified by the material compo-
sition, the temperature, and the strain rate and is inde-
pendent of the initial structure of the material and the
type of loading. To estimate the cell size, we use the
experimental data of [10], where 

 

d

 

c

 

 in metals was
shown to be 

 

d

 

c

 

 

 

≈

 

 100 nm.

It is natural to assume that grain refinement pro-
ceeds in several stages. As long as the fragment size is
much larger than a certain critical radius of bending
resulting in a new boundary, the physical mechanism of
structure grain refinement is independent of the frag-

ment size. Here, 

 

S

 

0

 

 

 

�

 

 

 

S

 

 

 

�

 

 

 

S

 

c

 

 

 

≈

 

 , where 

 

S

 

0

 

 is the ini-
tial length of high-angle grain boundaries per unit
cross-sectional area (grain-boundary length). As soon
as the fragment size is on the order of the critical bend-
ing radius (which corresponds to the case 

 

S

 

  

 

S

 

c

 

),
further division terminates due to the fact that the bend-
ing or rotation of such small fragments requires
extremely high stresses. The sliding of some individual
fragments with respect to the others becomes energeti-
cally favorable. The termination of grain refinement
results in the fact that, at high strains, the sizes of all
fragments become equal to the minimum possible size

 

d

 

c

 

. During further deformation, the fragment size
remains unchanged and internal stresses do not
increase, since they relax upon fragment sliding. More-
over, dynamic equilibrium between the processes of
microdiscontinuity formation and healing is estab-
lished.

dc
1–

 

CONTINUUM MODEL OF GRAIN REFINEMENT 
AND FAILURE IN A POLYCRYSTAL

We consider the plane section of the representative
volume of a polycrystal. Then, an AZ, a grain-boundary
nucleus, and a microvoid in this section correspond to
points, since the characteristic size of the representative
volume is much larger than the characteristic sizes of
these objects. Let 

 

N

 

 and 

 

N

 

b

 

 be the numbers of AZs and
boundary nuclei per unit cross-sectional area of the
polycrystal, respectively. Then, we obtain kinetic equa-
tions for 

 

N

 

, 

 

N

 

b

 

, 

 

S

 

, and 

 

Θ 

 

(they were derived in [6]).
In the grain refinement stage where the law of grain

refinement is still independent of the fragment size, a
so-called self-similar process appears. This means that,
beginning from a certain loading time, any crystal
region is a scaled-down copy of the entire crystal. After
[11], if the sequential division of any object into parts
is self-similar (i.e., if the law according to which a large
object is divided into small parts is independent of its
size), the size distribution of fragments becomes log-
normal during this process. Fragments that are not sub-
jected to division (i.e., their size has reached 

 

d

 

c

 

) appear
during deformation; however, we can neglect their frac-
tion at the self-similar stage. Their number then
increases, and the size distribution of fragments ceases
to be lognormal.

This circumstance is taken into account in the model
by introducing a factor 

 

F

 

(

 

S

 

), which represents the frac-
tion of fragments undergoing division during plastic
deformation; then, (1 – 

 

F

 

(

 

S

 

)) is the fraction of undi-

vided fragments. Thus, 

 

F

 

(

 

S

 

) = 1 at 

 

S

 

0
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S
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S

 

c

 

 

 

≈

 

 ,
and this factor vanishes at 

 

S

 

  

 

S

 

c

 

.

For the number of AZs, we have

(1)

where 

 

∆

 

 is the characteristic structural size correspond-
ing to 

 

d

 

c

 

; 

 

C

 

1

 

 and 

 

C

 

2

 

 are the parameters that are respon-
sible for the number of obstacles to boundary shear in
the initial structure and for the number of deformation-
induced obstacles, respectively,

(2)

In the expression for 

 

C

 

3

 

, the parameter 

 

γ

 

p

 

(

 

P

 

) is the
threshold (quasimonotonic) strain at which the porosity
of the material begins to increase sharply at a given
pressure. In Fig. 1, which illustrates the physical mean-
ing of 

 

γ

 

p

 

(

 

P

 

), this parameter corresponds to the strain at
which a curve detaches from the abscissa axis. The
argument 

 

P

 

 indicates that 

 

γ

 

p

 

 increases with the hydro-
static pressure in the representative volume of the mate-
rial (we will discuss the explicit form of this depen-
dence below).

dc
1–

dN
C1

∆2
------ C2 S0 S+( )dS

dγ
------+⎝ ⎠

⎛ ⎞ F S( )dγ=

– C3 p( ) C4+( )Ndγ ,

C3 p( ) 1
γ p P( )
-------------, C4

1
γ b

-----.= =
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In the expression for 

 

C

 

4

 

, the parameter 

 

γ

 

b

 

 is the
threshold strain at which high-angle grain boundaries
begin to nucleate. The meaning of this parameter can be
understood from Fig. 2, where it corresponds to the
value of strain 

 

e

 

 at which 

 

S

 

 becomes nonzero (i.e., this
is the first point in the curve). According to [13], 

 

γ

 

b

 

 

 

≈

 

0.4 for shear deformation. Thus, beginning from a
strain of about 20%, one should expect the appearance
of the first mesodefects in the form of broken bound-
aries in the structure of deformed samples.

The first term in Eq. (1) is responsible for the nucle-
ation of AZs. The presence of the factor 

 

F

 

(

 

S

 

) indicates
that, beginning from a certain strain, the rate of forma-
tion of these zones begins to decrease (

 

F

 

(

 

S

 

) < 1), since
internal stresses are accumulated insignificantly
because of the appearing possibility of relaxation via
the sliding of some fragments with respect to others. At

 

S

 

 = 

 

S

 

c

 

, 

 

F

 

(S) makes this term zero. The second term in
Eq. (1) corresponds to the “death” of AZs due to the
formation of either microvoids or high-angle grain
boundaries.

The nuclei of high-angle grain boundaries are
mobile stress concentrators; when moving in a material
during deformation, they leave behind them a deforma-
tion-induced boundary. When reaching such a bound-
ary or a grain boundary, the mobile stress concentrators
“die.” Therefore, their mean free path is on the order of
the mesh of the network formed by high-angle grain
boundaries, L ≈ 1/(S + S0). As follows from the assump-
tion of the self-similarity of an ensemble of boundaries
at various instants of time, the distance traveled by all
concentrators is equal to

(3)

where C5 is a constant. Then, we can write the follow-
ing differential equation for S:

A change in the porosity of the material Θ during
plastic deformation is caused by the processes of
microvoid generation and healing, which is reflected by
the differential equation

(4)

where ν is the microvoid volume and

(5)

In Eq. (5) for C6, a is the parameter characterizing
the morphology of pores and P/K is the rigidity of the
state of stress with the sign reversed.

The minuend in Eq. (4) describes pore generation,
and the subtrahend reflects the processes of microvoid
healing during metal deformation under pressure and
takes into account the fact that the intensity of this pro-
cess is proportional to the porosity [8].

dl C5Ldγ ,=

dS
C5Nbdγ
S S0+

-------------------.=

dΘ C3 Ndc
2( )1.5νdγ C6Θdγ ,–=

C6 6aP/K .=

By adding an equation for the number of high-
angle-boundary nuclei Nb, we obtain a closed system of
differential equations to describe grain refinement and
failure during plastic deformation under pressure:

(6)

dN
dγ
------- C1 C2C5Nb+( )F S( ) C3 C4+( )N ,–=

dNb

dγ
---------- C4N C5Nb,–=

dS
dγ
------

C5Nb

S S0+
--------------,=

dΘ
dγ
------- C3N

1.5
dc

3– ν C6Θ.–=

1 2 3 e

1

2
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4

0

1 2 3 4

Nv, ×104 mm–2

Fig. 1. Variation of the void density Nν with the strain e in
grade 1045 steel samples [12] under a pressure of (1) 0.1
(atmosphere pressure), (2) 420, (3) 840, and (4) 1120 MPa.
The upper points in the curves correspond to the appearance
of a macrocrack.
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Fig. 2. Dependence of the total length S of deformation-
induced boundaries in the unit area of a nickel polished sec-
tion on the strain e [13].
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This system is written using the following dimen-
sionless functions:

In the case of quasimonotonic loading, system (6)
should be solved with the initial conditions  = 0,

 = 0,  = 0, and Θ = 0 at γ = 0.

To describe substantially nonmonotonic loading, the
entire deformation process should be divided into
quasimonotonic stages, and system (6) should be sepa-
rately solved for each of them. Initial conditions for

, , and Θ at any stage (except for the first stage) are
taken to be the values of these quantities calculated at
the previous stage. An initial condition for  at any

stage is taken to be  = 0, which reflects the disappear-
ance of AZs as the loading direction changes abruptly.

N Ndc
2 N

Sc
2

-----, Nb Nbdc
2 Nb

Sc
2

------,= = = =

S Sdc
S
Sc
----, S0 S0dc

S0

Sc
-----.= = = =

N

Nb S

Nb S

N

N

To analyze the solutions to system (6) for various
deformation schemes, we explain the physical meaning
of certain model parameters.

In [8], we developed a continuum model for metal
failure during plastic deformation that was based on a
kinetic equation for deformation-induced porosity and
a metal failure criterion. This criterion implies that a
macrocrack appears at a certain critical value of poros-
ity Θc that is independent of both the type of material
and the state-of-stress parameters. This criterion was
proposed by Rybin [9], who experimentally showed
that Θc ≈ 0.01. For metal plasticity Λp (which is the
strain to failure at a constant value of P/K), we obtained
the expression [8]

(7)

where α is the so-called accommodation parameter; it
reflects the ability of some structural elements in the
material to fit other elements during plastic deforma-
tion (α = 0 corresponds to complete accommodation of
structural elements). 

Relation (7) allows us to determine the parameters α
and a from the experimental dependences Λp =

Λp
1

3a P/K( )
--------------------- 1 3a

P
K
----

Θc

α
------+ ,ln=
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Fig. 3. Comparison of the structural characteristics of grade 45 steel for TE (seven sequential twist dies) and DE (three passes with
an elongation λ = 3 in each pass) processes.
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Λp(P/K), i.e., from plasticity diagrams that are obtained
from mechanical tests performed in testing machines
that can realize various loading types (tension, com-
pression, shear) at fixed values of P/K. From Eq. (7), we
can write an expression for the parameter α:

(8)

where Λp0 is the strain to failure at the zero value of the
hydrostatic stress tensor component.

For the coefficient C1, we can write

(9)

It follows from Eq. (8) that α is higher for the types
of loading where plasticity is lower. Experiments dem-
onstrate that plasticity diagrams depend substantially
on the type of loading, and the value of Λp(P/K) is usu-
ally minimum in simple-shear tests. Therefore, we can
conclude that grain refinement is more intense in the
deformation processes that result in a sharper decrease
in the metal plasticity at the same level of hydrostatic

α Θc/Λp0,=

C1 C3 C4+( )
αdc

3

C3ν
---------⎝ ⎠

⎛ ⎞
2/3

.=

pressure. However, to form submicro- and nanostruc-
tures, we have to realize these processes at a high
hydrostatic pressure in the deformation zone. In this
case, internal stresses relax via grain refinement rather
than via microvoid formation. Thus, deformation based
on simple shear under high pressure should be most
effective to produce submicrostructures. This conclu-
sion corresponds to the conclusions drawn experimen-
tally in [14].

RESULTS OF SIMULATION OF SPECIFIC 
TREATMENT PROCESSES

We apply the model developed to describe twist
(TE) and direct (DE) extrusion of grade 45 steel. Let us
estimate the model parameters in an order of magni-
tude.

From structural analysis, we have C2 ≈ 0.1. For esti-
mation, we assume that a high-angle-boundary nucleus
travels the mean free path at a strain of about 0.1; then,
from Eq. (3) we have C5 ≈ 10. The parameters γb and
γp(P) are estimated from the results shown in Figs. 1
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Fig. 4. Effect of cyclic deformation on the structural characteristics of grade 45 steel for two TE schemes: (a) seven sequential twist
dies having the same orientation and (b) seven twist dies having alternating clockwise and counterclockwise orientations.
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and 2 because of the absence of the required data for
grade 45 steel. As shown above, γb ≈ 0.4; then, from
Eq. (2), we obtain C4 ≈ 2.5. To determine the γp(P)
dependence, we first use Fig. 1 and obtain the pressure
dependence of the strain corresponding to the onset of
void formation (P was preliminarily normalized by K,
which is the shear yield point of the material). By
approximating this dependence by a straight line, we
obtain the γp(P) dependence in the explicit form

Then, according to Eq. (2), we have C3 = (0.3219 +
0.3874P/K)–1.

Using the analytical expression P/K = –σ/T, we
chose a deformation scheme in the framework of the
model. The parameter P/K is constant only in the sim-
plest cases, e.g., in upsetting or uniaxial tension. In par-
ticular, for DE, we have [15]

where λ is the elongation and e is the logarithmic strain.

To a first approximation for TE, we specify the dis-
tribution of the state of stress along a die [16] so that

γ p P( ) 0.3219 0.3874P/K .+=

P
K
---- 3 λln e–

2

3
-------,+=

(10)

where β is the angle of die inclination, f is the coeffi-
cient of plastic friction, r is the twist-channel radius, h
is the twist-channel height, and z is the coordinate along
the channel. For the calculations given below, we use
the following parameters: β = 60°, f = 0.1, h = 20 cm,
and r = 14 cm. From Eq. (5), we obtain an expression
for C6 by making allowance for a ≈ 0.1 [8].

As noted above, the plasticity curves depend on the
type of loading, i.e., on the Lode coefficient µσ, which
should be taken into account to determine α. In the case
of tension (µσ = –1), the plasticity curve is always
located above the curve characteristic of pure shear
(µσ = 0). For DE, we have µσ = –1 and, hence, α = 3.9 ×
10–3; for SE, µσ = 0 and α = 5.4 × 10–3.

We calculate C1 using Eq. (9). The related quantities
are estimated as follows: dc ≈ 0.1 µm [10] and ν ≈
0.005 µm3 [9].

Figure 3 shows the solutions to system (6) for TE
and DE at the parameters given above. The curve of the
average grain size d (which is reciprocal to S) is given
for convenience, since this structural parameter is most

P
K
----

3
4
--- βtan

2 fh
r βcos
--------------, 0+ z h/2,< <=

P
K
---- 0, h/2 z h,< <=

+

+

A
2A

(a)

(b)

Fig. 5. Difference in the deformation amplitudes in the case of (a) like orientations and (b) alternating unlike orientations of twist
dies.
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Fig. 6. Effect of a backpressure on the structural characteristics of grade 45 steel for TE realizing according to the scheme with dies
having alternating unlike orientations: (1) seven twist dies without a backpressure and (2) seven twist dies with Pbp = 600 MPa. 

often used in practice. Let us analyze these calculated
curves.

The steplike character of the change in N, which is
the number of AZs for SE, is explained by the form of
Eq. (10). The gradual decrease in both curves in the
N(e) plot is caused by the formation of a significant
fraction of fragments that do not undergo division. The
activation of mutual sliding leads to a decrease in the
intensity of internal-stress accumulation.

The S(e) and d(e) curves, which illustrate the grain
refinement of the material structure, indicate that the
grain refinement intensities of these treatments are vir-
tually the same. In the case of DE, however, e ≈ 3 is the
practically achievable total strain at which a sample can
still be considered as a bulk sample. Indeed, a blank
diameter for DE is, as a rule, smaller than 50 mm. Then,
at a logarithmic strain e ≈ 3, the extrudate diameter is
10 mm, and extrudates produced at higher strains are
hardly to be considered as bulk articles.

The curve of the relative porosity Θ(e) indicates that
TE provides higher plasticity of a deformed material.
As compared to DE, TE is a cyclic (substantially non-

monotonic) loading process, since the deformation
direction changes within one pass inside a screw chan-
nel [16]. This process creates favorable conditions for
microdiscontinuity healing in the material, which is
illustrated by peaks in the porosity curve. Cyclic defor-
mation results in higher plasticity of the deformed
material; however, this is accompanied by its less
intense grain refinement as compared to monotonic
deformation. One of the methods to increase the inten-
sity of substructure refinement during cyclic deforma-
tion is to increase its amplitude [5]. We will illustrate
this thesis using TE as an example.

In Fig. 4, we compare two TE schemes, namely, a
sequence of twist dies having the same orientation and
a sequence of alternating dies oriented clockwise and
counterclockwise. The difference in these two schemes
consists in an increase in the deformation amplitude
(Fig. 5).

In the case of the scheme with alternating unlike
dies, dislocation charges do not relax from die to die; as
a result, a larger number of AZs form and the N(e) curve
becomes higher. These excess AZs relax through the
formation of additional high-angle boundaries and
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through an increase in the porosity (see the S(e) and
Θ(e) curves, respectively). As was expected, we
reached a certain improvement in the structural grain
refinement but could not avoid an increase in the struc-
tural damage. As e increases, the detrimental effect of
nonmonotonic deformation on the porosity decreases,
and both Θ(e) curves merge at e ≥ 7. Nevertheless, the
gain in the length S of high-angle boundaries is
retained.

A treatment that results in a significant decrease in
the material plasticity should activate the formation of
a fragmented structure when a pressure is applied. Fig-
ure 6 show the calculation results that reflect the role of
a backpressure for TE according to the scheme with
alternating unlike dies. It is clearly visible that the
backpressure-induced increase in the pressure in the
deformation zone leads to an increase in the grain
refinement intensity, which is accompanied by a
decrease in the porosity, i.e., by an increase in the mate-
rial plasticity. It is obvious that, according to the struc-
tural characteristics considered in this work, this defor-
mation scheme is optimal.

CONCLUSIONS
The simulation results demonstrate that TE is a

more effective deformation accumulation scheme: it
provides improved structural characteristics as com-
pared to DE. The increase in the deformation amplitude
in the case of the scheme with alternating unlike twist
dies increases the grain refinement intensity; however,
this is accompanied by an increase in the deformation-
induced porosity and, hence, a decrease in the material
plasticity. This problem can be solved by TE performed
under pressure, which allows one to produce fine-
grained materials with small damage.
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