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Lea rning = Prediction abilit y

� W e can't exp ect any p rediction abilit y , in general.

� W e can exp ect p rediction abilit y , if examples come indep en-

dently , sometimes.

Here w e study p rediction abilit y , assuming indep edence.



Why study p rediction theo ry?

1. Better metho ds fo r lea rning and verifying p redictive abilit y

2. T o gain insight into lea rning.



Better Metho ds fo r Lea rning & V eri�cation

Standa rd technique:

1. Divide samples into train and test set

2. T rain on train set

3. T est on test set

W e can do b etter.



T o gain insight into lea rning

1. Over�tting: sample complexit y quanti�es over�tting.

2. Lea rning algo rithm design: What is a go o d p runing criterion?

Why a re la rge ma rgins go o d? What other algo rithms a re

lik ely to yield go o d results?



Outline

1. The Basic Mo del

2. The T est Set Bound

3. Occam's Razo r Bound

4. P A C-Ba y es Bound



Mo del: De�nitions

X = input space

Y = f 0, 1g = output space

c : X ! Y = classi�er

Mo del: Basic Assumption

All samples a re dra wn indep endently from some unkno wn distri-

bution D(x, y).

S = (x, y)m � Dm

is a sample set.



Mo del: Derived quantities

The thing w e w ant to kno w:

cD � Pr
x,y� D

(c(x) 6= y) = true erro r

�train error�, �test error�, or �observed error�, depending on 
on-text.(note: we identify the set S with the uniform distribution on S )



Mo del: Derived quantities

The thing w e w ant to kno w:

cD � Pr
x,y� D

(c(x) 6= y) = true erro r

The thing w e have:

ĉS � m Pr
x,y� S

(c(x) 6= y) =
mX

i=1
I [c(x) 6= y]

= �train erro r�, �test erro r�, o r �observed erro r�, dep ending on

context.

(note: w e identify the set S with the unifo rm distribution on S )



Mo del: Basic Observations

Q: What is the distribution of ĉS ?

A: A Binomial.

Pr
S� Dm

(ĉS = kj cD) =
 

m
k

!

ck
D(1 � cD)m� k

= p robabilit y of k heads (erro rs) in m �ips of a coin with bias

cD .
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Mo del: basic quantities

W e use the cumulative:

Bin (m, k, cD) = PrS� Dm
�

ĉS � k
m

�
�
� cD

�

=
P k

i=0

 
m
i

!

ci
D(1 � cD)m� i

= p robabilit y of observing k o r few er �heads� (erro rs) with m

coins.



Mo del: basic quantities

Need con�dence intervals ) use the pivot of the cumulative

instead

Bin (m, k, δ) = max f p : Bin (m, k, p) � δg

= the la rgest true erro r such that the p robabilit y of observing k

o r few er �heads� (erro rs) is at least δ .
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T est Set Bound: Setting

Standa rd technique:

1. Cut the data into train set and test set

2. T rain on the train set

3. T est on the test set

What do sample complexit y sa y ab out this metho d?



T est Set Bound: Theo rem

Theo rem: ( T est Set Bound ) F o r all classi�ers c, fo r all D , fo r all

δ 2 (0, 1]:

Pr
S� Dm

�
cD � Bin (m, ĉS, δ)

�
� 1 � δ

W o rld's easiest p ro of: (b y contradiction).

Assume Bin (m, k, cD) � δ (which is true with p robabilit y 1 � δ ).

Then b y de�nition, Bin (m, ĉS, δ) � cD
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T est Set Bound Notes

P erfectly tight: There exist true erro r rates achieving the b ound

Lo w er b ound of the same fo rm.

Prima ry use: veri�cation of succesful lea rning



What do es T est Set Bound mean?

Co rolla ry: F o r all classi�ers c, fo r all D , fo r all δ 2 (0, 1]:

Pr
S� Dm

0

@
KL

� ĉS
m

jj cD

�

�
ln 1

δ
m

1

A � 1 � δ

where KL (qjj p) = q ln q
p + (1 � q) ln 1� q

1� p fo r q < p

Co rolla ry: F o r all classi�ers c, fo r all D , fo r all δ 2 (0, 1]

Pr
S� Dm

0

B
@cD �

ĉS
m

+

vu
u
t ln 1

δ
2m

1

C
A � 1 � δ

Pro of: Use the Cherno� app ro ximation. F ull details in the notes.



T est Set Bound: Example

Supp ose δ = 0.1

Supp ose m = 100

Supp ose ĉS = 2

Squa re ro ot Cherno� b ound: ) cD 2 [� 0.102, 0.142]

Exact calculation ) cD 2 [0.0045, 0.0616]



T est Set Bound Compa rison: Empirical �con�dence� intervals

k = numb er of test erro rs, m = numb er of examples

µ = k
m

σ2 = 1
m� 1

P m
i=1 (µ � I [c(xi) 6= yi])2

pick b ound =

k
m + 2σ

Ho w do they compa re?
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T est Set Bound vs Empirical Con�dence Interval

1. empirical con�dence intervals a re sometimes p essimistic

2. empirical con�dence intervals a re sometimes optimistic

3. the test set b ound alw a ys w o rks



Interp retation: Interactive Pro of of Lea rning

Verifier Learner

Test Set Bound

Evaluate Bound

Draw Examples

d

Classifier C Choose C



K -fold Cross V alidation

Divide m examples into K subsets.

Repat K times: T rain on K � 1 subsets, test on heldout subset.

Not w ell understo o d theo retically . (Big op en p roblem!)

Best Result: Con�dence interval smaller than a test set of size

m
K .

) leave-one-out cross validation very p rone to over�tting.

) Some p eople fo ol themselves with overcon�dence in Cross

V alidation.
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T raining Set Bounds in General

� Sometimes the holdout set is critical fo r lea rning.

� Sometimes w e w ant b ounds to guide lea rning

) T rain set b ounds

Occam's Razo r b ound is the simplest train set b ound.
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Occam's Razo r Bound

Theo rem: ( Occam's Razo r Bound ) F o r all �p rio rs� P (c) over the

classi�ers c, fo r all D , fo r all δ 2 (0, 1]:

Pr
S� Dm

�
8c : cD � Bin (m, ĉS, δP (c))

�
� 1 � δ

Compa re with test set b ound: δ ! δP (c).

Co rolla ry: F o r all P (c), fo r all D , fo r all δ 2 (0, 1]:

Pr
S� Dm

0

B
B
@cD �

ĉS
m

+

vu
u
t ln 1

P (c) + ln 1
δ

2m

1

C
C
A � 1 � δ



Occam's Razo r Bound: Pro of

T est set b ound )

8c Pr
S� Dm

�
cD � Bin (m, ĉS, δP (c))

�
� 1 � δP (c)

Negate to get:
8 c Pr

S � D

m �c

D

> Bin
(

m; ^ c

S

; � P ( c )

)

�
< � P ( c )Apply union bound: Pr ( A or B ) � Pr ( A ) + Pr ( B ) repeatedly.

Pr

S � D

m �9 c : c

D

> Bin
(

m; ^ c

S

; � P ( c )

)

�
<

X
c

� P ( c ) = �Negate again to get proof.Next: Graphi
al proof



Occam's Razo r Bound: Pro of

T est set b ound )

8c Pr
S� Dm

�
cD � Bin (m, ĉS, δP (c))

�
� 1 � δP (c)

Negate to get:

8c Pr
S� Dm

�
cD > Bin (m, ĉS, δP (c))

�
< δP (c)

Apply union bound: Pr ( A or B ) � Pr ( A ) + Pr ( B ) repeatedly.

Pr

S � D

m �9 c : c

D

> Bin
(

m; ^ c

S

; � P ( c )

)

�
<

X
c

� P ( c ) = �Negate again to get proof.Next: Graphi
al proof



Occam's Razo r Bound: Pro of

T est set b ound )

8c Pr
S� Dm

�
cD � Bin (m, ĉS, δP (c))

�
� 1 � δP (c)

Negate to get:

8c Pr
S� Dm

�
cD > Bin (m, ĉS, δP (c))

�
< δP (c)

Apply union b ound: Pr(A o r B) � Pr(A) + Pr(B) rep eatedly .

Pr
S� Dm

�
9c : cD > Bin (m, ĉS, δP (c))

�
<

X

c
δP (c) = δ

Negate again to get proof.Next: Graphi
al proof



Occam's Razo r Bound: Pro of

T est set b ound )

8c Pr
S� Dm

�
cD � Bin (m, ĉS, δP (c))

�
� 1 � δP (c)

Negate to get:

8c Pr
S� Dm

�
cD > Bin (m, ĉS, δP (c))

�
< δP (c)

Apply union b ound: Pr(A o r B) � Pr(A) + Pr(B) rep eatedly .

Pr
S� Dm

�
9c : cD > Bin (m, ĉS, δP (c))

�
<

X

c
δP (c) = δ

Negate again to get p ro of.

Next: Graphical p ro of
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Occam's Razo r Bound: Example

Supp ose δ = 0.1

Supp ose m = 100

Supp ose P (c) = 0.1

Supp ose ĉS = 2

Squa re ro ot Cherno� ) cD 2 [� 0.143, 0.183]

Exact calculation ) cD 2 [0.001, 0.089]



Occam's Razo r Bound Results Decision T rees

� ID3 decision tree + p runing

� p robabilit y of failure = δ = 0.1

� Discrete p roblems from UCI database of Machine Lea rning

p roblems.

� 100% of data used fo r training set b ounds

� 80%/20% T rain/T est split fo r test set b ounds

� Minimal selection bias
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Verifier Learner

m examples

Draw Training 
Examples

Evaluate Bound

PAC-Bayes Bound

"Prior", P(c)

"Posterior", Q(c) Choose Q(c)

d



P A C-Ba y es Bound: Basic quantities

QD � Ec� Q[cD] = average true erro r

Q̂S � Ec� Q
hĉS

m

i

= average train erro r



P A C-Ba y es Bound: Theo rem

Theo rem: ( P A C-Ba y es Bound ) F o r all �p rio rs� P (c) over the

classi�ers c, fo r all D , fo r all δ 2 (0, 1]:

Pr
S� Dm

0

@8Q(c) : KL

�
Q̂S jj QD

�
�

KL (Qjj P ) + ln m+1
δ

m

1

A � 1 � δ

where: KL (Qjj P ) = Ec� Q ln Q(c)
P (c)

Co rolla ry: F o r all P (c), fo r all D , fo r all δ 2 (0, 1]:

Pr
S� Dm

0

B
@8Q(c) : QD � Q̂S +

vu
u
t KL (Qjj P ) + ln m+1

δ
2m

1

C
A � 1 � δ



P A C-Ba y es Bound: Application

Is the P A C-Ba y es b ound tight enough to b e useful?

Application: true erro r b ounds fo r Supp o rt V ecto r Machines.

Classi�er fo rm:

c(x) = sign ( ~w � ~x)

Change the bina ry lab els to f� 1, 1g fo r the follo wing.

Also note: W o rk b y Matthias Seeger fo r Gaussian Pro cesses.



P A C-Ba y es Ma rgin b ound

F̄ (x) =
R1
x

1p
2π

e� x2/2

= cumulative distribution of a Gaussian

Q(~w, µ) = N(µ, 1) � N(0, 1)n� 1

where �rst direction pa rallel to ~w

γ(~x, y) = y ~w�~x
jj ~wjjjj ~xjj = no rmalized ma rgin

Q̂(~w, µ)S = E~x,y� SF̄ (µγ(~x, y)) = sto chastic erro r rate

Co rolla ry: ( P A C-Ba y es Ma rgin Bound ) F o r all distributions D ,

fo r all δ 2 (0, 1]:

Pr
S� Dm

0

B
@8 ~w, µ > 0 : KL

�
Q̂(~w, µ)S jj Q(~w, µ)D

�
�

µ2

2 + ln m+1
δ

m

1

C
A � 1� δ



P A C-Ba y es Ma rgin Bound: Intuition

w '

w

~Q

P

Isotropic Gaussian p rio r and p osterio r



P A C-Ba y es Ma rgin Bound: Pro of

Sta rt with P A C-Ba y es b ound:

8P (c) Pr
S� Dm

0

@8Q(c) : KL

�
Q̂S jj QD

�
�

KL (Qjj P ) + ln m+1
δ

m

1

A � 1� δ

Set P = N(0, 1)n

Q(~w, µ) = N(µ, 1) � N(0, 1)n� 1
with �rst direction pa rallal to ~w

Gaussian ) co o rdinate system reo rientable

) KL (Qjj P ) = KL (N(0, 1)n� 1jj N(0, 1)n� 1)+ KL (N(µ, 1)jj N(0, 1))

=
µ2

2



w '

w '

w '

x
xw ' w '

x

x

x w ' x

w '

w '

w

. = . .+

~N(0,1)

m~N(  ,1) ~Q

Q̂(~w, µ)S = E~x,y� S, ~w0� Q(~w,µ)I
�
y 6= sign

�
~w

0
� ~x

��

= E~x,y� SEw0
jj � N(µ,1)Ew0

? � N(0,1)I
�
y(w

0

jj xjj + w
0

? x? ) � 0
�

Use p rop erties of Gaussians to �nish p ro of



P A C-Ba y es Ma rgin p ro of: the end

= E~x,y� SEz0� N(0,1)Ew0
? � N(0,1)I

0

@yµ � � yz
0
� yw

0

?
x?

xjj

1

A

The sum of t w o Gaussians is a Gaussian )

= E~x,y� SE
v� N

 

0,1+
x2

?
x2

jj

! I (yµ � � yv)

= E~x,y� SE
v� N

�
0, 1

γ(~x,y)2

� I (yµ � � yv)

= E~x,y� SF̄ (µγ(~x, y))

) Co rolla ry



P A C-Ba y es: Application to SVM

SVM classi�er:

c(x) = sign

0

@
mX

i=1
αik(xi, x)

1

A

k is a k ernel ) 9 ~Φ : k(xi, x) = ~Φ(xi) � ~Φ(x) so:

~w � ~x =
P m

i=1 αik(xi, x) ~w � ~w =
P

i,j αiαjk(xi, xj)

) γ(x, y) =
y

P m
i=1 αik(xi, x)

q
k(x, x)

P m,m
i,j=1,1 αiαjk(xi, xj)

) Ma rgin b ound applies to supp o rt vecto r machines.



P A C-Ba y es Ma rgin Bound Results
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Conclusion

1. Use real con�dence intervals to compa re classi�ers.

2. T est set b ound very simple.

3. T rain set b ounds on the threshold of quantitatively useful.

Co de fo r b ound calculation at:

http://hunch.net/~jl/p rojects/p rediction b ounds/b ound/b ound.html


