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Abstract

Haussler, Kearns, Seung and Tishby intro duced the notion of a shell decomposition of the union bound
as a means of understanding certain empirical phenomenain learning curves such as phase transitions.
Here we use a variant of their ideasto derive an upper bound on the generalization error of a hypothesis
computable from its training error and the histogram of training errors for the hypothesesin the class. In
most casesthis new bound is signi can tly tighter than traditional bounds computed from the training error
and the cardinality of the class. Our results can also be viewed as providing a rigorous foundation for a
model selection algorithm proposedby Sche er and Joachims.
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1. Intro duction

For an arbitrary nite hypothesis classwe consider the hypothesis of minimal training error. We give a
new upper bound on the generalization error of this hypothesis computable from the training error of the
hypothesisand the histogram of the training errors of the other hypothesesin the class. This new bound is
typically much tighter than more traditional upper boundscomputed from the training error and cardinality
of the class.

As a simple example, supposethat we obsene that all but one empirical error in a hypothesis spaceis
1=2 and one empirical error is 0. Furthermore, supposethat the sample sizeis large enough (relativ e to
the size of the hypothesisclass)that with high con dence we have that, for all hypothesesin the class,the
true (generalization) error of a hypothesisis within 1=5 of its training error. This implies, that with high
con dence, hypotheseswith training error near 1=2 have true error in [3=10; 7=10]. Intuitiv ely, we would
expect the true error of the hypothesiswith minimum empirical error to be very nearto 0 rather than simply
lessthan 1=5 becausenone of the hypotheseswhich produced an empirical error of 1=2 could have a true
error closeenoughto 0 that there exists a signi cant probability of producing 0 empirical error. The bound
preseried here validates this intuition. We show that you can ignore hypotheseswith training error near 1=2
in calculating an \e ectiv e size" of the classfor hypotheseswith training error near 0. This new e ective
classsize allows us to calculate a tighter bound on the di erence betweentraining error and true error for
hypotheseswith training error near 0. The new bound is proved using a distribution-dep endert application
of the union bound similar in spirit to the shell decomposition introduced by Haussler, Kearns, Seungand
Tishby (5).

We actually give two upper bounds on generalizationerror | an uncomputable bound and a computable
bound. The uncomputable bound is a function of the unknown distribution of true error rates of the
hypothesesin the class. The computable bound is, essetially, the uncomputable bound with the unknown



distribution of true errors replacedby the known histogram of training errors. Our main cortribution is that
this replacemen is sound, i.e., the computable version remains, with high con dence, an upper bound on
generalization error.

When consideringasymptotic properties of learning theory boundsit is important to take limits in which
the cardinality (or VC dimension) of the hypothesisclassis allowed to grow with the size of the sample. In
practice, more data typically justies a larger hypothesis class. For example, the size of a decisiontree is
generally proportional the amount of training data available. Here we analyze the asymptotic properties of
our bounds by consideringan in nite sequenceof hypothesis classesH m, one for eath sample sizem, sudh
that '”':—m’ approachesa limit larger than zero. This kind of asymptotic analysis provides a clear accourt
of the improvemert achieved by boundsthat are functions of error rate distributions rather than simply the
size(or VC dimension) of the class.

We give a lower bound on generalization error shawing that the uncomputable upper bound is asymp-
totically astight aspossible| any upper bound on generalization error given as a function of the unknown
distribution of true error rates must asymptotically be greater than or equal to our uncomputable upper
bound. Our lower bound on generalization error also shows that there is essetially no lossin working with
an upper bound computed from the true error distribution rather than expectations computed from this
distribution asusedby Sdche er and Joachims (12).

Asymptotically, the computable bound is simply the uncomputable bound with the unknown distribution
of true errors replaced with the obsened histogram of training errors. Unfortunately, we can show that
in limits where m“:q—m’ corvergesto a value greater than zero, the histogram of training errors need not
corvergeto the distribution of true errors| the histogram of training errors is a \smeared out" version of
the distribution of true errors. This smearingloosensthe bound evenin the large-sampleasymptotic limit.
We give a preciseasymptotic characterization of this smearinge ect for the casewhere distinct hypotheses
have independent training errors. In spite of the divergencebetweenthese bounds, the computable bound
is still signi cantly tighter than classicalbounds not involving error distributions.

The computable bound can be usedfor model selection. In the caseof model selectionwe can assumean
in nite  sequenceof nite model classesH; H1;::: whereead H; is a nite classwith InjH;j growing linearly
in j. To perform model selectionwe nd the hypothesisof minimal training error in eat classand usethe
computable bound to bound its generalization error. We can then select,among these, the model with the
smallest upper bound on generalization error. Sche er and Joachims propose(without formal justi cation)
replacing the distribution of true errors with the histogram of training errors. Under this replacemer, the
model selectionalgorithm basedon our computable upper bound is asymptotically identical to the algorithm
proposedby Sdce er and Joachims.

The shell decomposition is a distribution-dep endert useof the union bound. Distribution-dep endert uses
of the union bound have beenpreviously exploited in so-calledself-bounding algorithms. Freund (4) de nes,
for a given learning algorithm and data distribution, a set S of hypothesessud that with high probability
over the sample, the algorithm always returns a hypothesisin that set. Although S is de ned in terms of
the unknown data distribution, Freund gives a way of computing a set S° from the given algorithm and
the sample such that, with high con dence, S° cortains S and hencethe \e ectiv e size" of the hypothesis
classis bounded by jSY. Langford and Blum (8) give a more practical version of this algorithm. Given
an algorithm and data distribution they conceptually de ne a weighting over the possibleexecutionsof the
algorithm. Although the data distribution is unknown, they give a way of computing a lower bound on
the weight of the particular execution of the algorithm generatedby the sample at hand. In this paper we
considerdistribution dependert union bounds de ned independert of any particular learning algorithm.

The bounds given in this paper apply to nite concept classes.Of course more sophisticated measures
of the complexity of a conceptclass,suc asVC dimension or Rademader complexity, are possibleand can
sometimesresult in tighter bounds.

Howevwer, insight into nite classesemainsusefulin at leasttwo ways. Finite classanalysisis usefulasa
pedagogicaltool, teaching about directions in which to look for the removal of slad from thesemore sophisti-
cated bounds. Indeed, various localized Rademadter complexity results (1) and the \p eeling" technique (13)
appearto (roughly) correspond to the orthogonal combination of shell bounds and earlier Rademader com-
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Figure 1: A graph comparing the (in nite hypothesis) VC bound to the nite hypothesis Occam's razor
bound. For all curveswe use VC dimension d = 10, bound failure probability, = 0:1, and
m = 1000 examples. Forqthe VC bound calculation (see (Moore) for details) the formula is

true error  train error+ (dIn ZT”‘ + In 4)=m. For the Occam's Razor Bound (ORB) (see(7)

for details) calculation, we usea uniform distribution over the 29 discrete classi ers which might
be represenable when we discretize d parametersto k = 8;16; 32 bits per dimension. The basic
formula is: KL(train errorjjtrue error)  (kdIn2+ In )=m. This graph is approximatly the same
for any similar ratio of d=m with smaller valuesfavoring the Occam's Razor Bound.

plexity results. One advantage of the shell boundsis the KL-div ergenceform of the bounds which smoothly
interpolates betweenthe linear bounds of the realizable caseand the quadratic bounds of the unrealizable
case. This realizable-unrealizableinterpolation is orthogonal to the shell principle that conceptswith large
empirical error are unlikely to be confusedwith conceptswith low error rate. The shell bound also supports
intuitions that aredi cult to achievein more complexsettings. For example,the simple shell boundsclearly
exhibit phasetransitions in the learning bound, something which doesnot appear to be well-elucidated for
localalized Rademader bounds. In summary, the simplicity of nite classes(and a shell bound analysison
a nite class)provides a clarity that is dicult to achieve with more complex structure-exploiting bounds.

Finite classanalysisis alsousefulin a more practical sense.In practice a nite VC dimensionclassusually
hasa nite parameterization. Given that thesereal parametersare typically represeried as 32 bit oating
point numbers, the classbecomesnite and the log of the classsizeis linear in the number of parameters.
Since many of the more sophisticated in nite-class techniques are loose by large multiplicativ e constarts,
a nite classanalysis applied to a VC classdiscretized to a small number of bits can actually yield tighter
bounds as shovn in gure 1.



2. Mathematical Preliminaries

For an arbitrary measureon an arbitrary sample spacewe usethe notation! 8 S [ S; ] to meanthat with
probability at least 1 over the choice of the sample S we have that [ S; ] holds. In practice S is the
training sample of a learning algorithm. Note that 8x 8 S [ x; S; ] doesnot imply 8 S8x [ x; S; ] If
X isa nite set,and for all x 2 X we havethe assertion8 > 08 S [ S;x; ]then by a standard application
of the union bound we have the assertion8 > 08 S8x 2 X [ S;x; jx—j]. We call this the quanti cation
rule. f 8 >08S [S; ]and8 > 08 S [ S; ]then by a standard application of the union bound we
have8 > 08 S [ S;5]” [ S;5]. We call this the conjunction rule.

The KL-div ergenceof p from q, denoted D (qjjp), is qIn(%) + (1 q)In(}—g) with Oln(g) = 0 and
qin(d) = 1. Let p be the fraction of headsin a sequenceS of m tossesof a biased coin where the

probability of headsis p. We have the following inequality given by Cherno in 1952(2).
892 [p;1]: Pr(p 9 e MO @p (1)

This bound can be rewritten as follows.

In(i
8 >08S Dma(pipip) o @

In( %) N
“m ) equalsPr(p q) whereqg p and D(qjjp) =

. By (1) we then have that this probability is no larger than e ™P (diP) = |t isjust aseasyto derive
(1) from (2) sothe two statemerts are equivalent. By duality, i.e., by consideringthe problem de ned by
replacingp by 1  p, we get the following.

To derive (2) from (1) note that Pr(D (max(p; p)iip)
In(%)

In(
8 >08S D(min(p;p)iip) n,(n) (3)
Conjoining (2) and (3) yields the following corollary of (1).
In( 2
8 >08S D(pjp) nr(n) 4)

Using the inequality D(qjjp) 2(q p)? one can show that (4) implies the following better known form of
the Cherno bound. s

In(2)
2m

8 >08S jp p (5)

Using the inequality D (qjjp) % which holds for g p, we can show that (3) implies the following.2
s

20In(2) | 2In(2)
m m

8 >08S p p+ (6)

Note that for small valuesof p formula (6) givesa tighter upper bound on p than does(5). The upper bound
on p implicit in (4) is somewhattighter than the minimum of the bounds given by (5) and (6).

We now considera formal setting for hypothesislearning. We assumea nite setH of hypothesesand a
spaceX of instances. We assumethat ead hypothesisrepresents a function from X to f 0; 1g where we write
h(x) for the value of the function represeried by hypothesish when applied to instance x. We also assume
a distribution D on pairs hx; yi with x 2 X andy 2 f0; 1g. For any hypothesish we de ne the error rate of

1. This can be read as \for all but sets S, the predicate [ S; ] holds" of \with probabilit y 1 over the draw of S, the
predicate [ S; ] holds".
2. A derivation of this formula can be found in (9) or (11). To seethe need for the last term consider the casewhere p= 0.



h, denoted e(h), to be Py, yi b (h(x) 6 y). For a given sample S of m pairs drawn from D we write &(h)

to denote the fraction of the pairs hx; yi in S such that h(x) 6 y. Quantifying over h 2 H in (4) yields the
following secondcorollary of (1).

InjHj+ In(2

8S 8h2H D(&hjieth) %() 7

By consideringbounds on D (qjjp) we can derive the following more well known corollary of (7).
s
InjHj + In(2)

8S 8h2H jeh) éh)j o

(8)
Thesetwo formulas both limit the distance betweené(h) and e(h). In this paper we work with (7) rather
than (8) becauseit yields an (implicit) upper bound on generalization error that is optimal up to asymptotic
equality.

3. The Upp er Bound

Our goal now is to improve on (7). Our rst step is to divide the hypothesesin H into m disjoint sets
basedon their true error rates. More speci cally, for p 2 [0;1] de ne ddoeeto be w Note that
ddpeeis of the form % where either p= Oandk = 1orp> Oand p 2 (%; %]. In either casewe have
dopee2 fL; :::; Mgandif ddpee= £ thenp2 [K-2; K] Now wede ne H(X) to bethe setof h 2 H sudh
that dde(h)ee= £. We de ne s(£) to be In(max(1;jH (£)j)). We now have the following lemma.

Lemma 3.1 With high prokability over the draw of S, for all hypotheses,the deviation between the empirical
error &(h), and true error e(h), of every hypothesisis bounded by s(dde(h)eg. More precisely,

8 >08S 8h2H
s(dce(h)ed + In(2™)

D (&(h)jje(h))

m
Pro of Quantifying overp 2 f:1; :::; ©gand h 2 H(p) in (4) gives8 > 0,8 S,8p2 fL; :::; Dg,
8h 2 H(p),
) Ins(p) + In(2™)
D (e(h)jie(h)) E—
But this implies the lemma. [ |

Lemma 3.1 imposesa constraint, and hencea bound, on e(h). More speci cally, we have the following
wherelub fx : [ x]g denotesthe least upper bound (the maximum) of the setfx : [ x]g.
s(dcgee) + In(2™)

eh) lub fq:D(&h)ja) ————90 )

This is our uncomputable bound. It is uncomputable becausethe m numbers s(%), 215 (&) are unknown.
Ignoring this problem, however, we can seethat this bound is typically signi cantly tighter than (7). More
speci cally, we can rewrite (7) as follows.

InjHj + In(2)
— 9

e(h) lub fq: D(&h)jja) m

(10)

Since s(%) InjHj, and since me is small for large m, we have that (9) is never signi cantly looser
than (10). Now considera hypothesish such that the bound on e(h) given by (7), or equivalertly, (10), is
signi cantly lessthan 1/2. Assuming m is large, the bound given by (9) must also be signi cantly lessthan



1/2. But for g signi cantly lessthan 1/2 we typically have that s(ddjed is signi cantly smaller than InjHj.
For example, supposeH is the set of all decisiontrees of sizem=10. For large m, a random decisiontree of
this size has error rate near 1/2. The set of decisiontrees with error rate signi cantly smaller than 1/2 is
an exponertially small fraction of the set of all possibletrees. So for q small comparedto 1/2 we get that
s(ddyee is signi cantly smaller than InjH]j. This makesthe bound given by (9) signi cantly tighter than

the bound given by (10).
We now shaw that the distribution of true errors can be replaced, essetially, by the histogram of training
errors. We rst introduce the following de nitions.

8 S 5 9
< 16m =
TR Thow: e £, N
. m m 2m 1

k . Kk

s —; In max 1,2 H —;

m m

The de nition of 8§ %; is motivated by the following lemma.

Lemma 3.2 With high probability over the draw of S, for all g, s(g) $(g;2 ). More precisely,
8 >0,88,8q2f%; :::; Mg,

s(a)  8(q; 2)

Before proving lemma 3.2 we note that by conjoining (9) and lemma 3.2 we get the following. This is
our main result.

Theorem 3.3 With high proability over the draw of S, for all hypotheses,the deviation between the em-
pirical error &(h), and true error e(h), of every hypothesisis bounded by §(ddjee ). More precisely,
8 >0,8S,8nh2H, (

)
4m
eth) lub q:D(&h)jig §(ddjeg ) + In(=%)

m

As for lemma 3.1, the bound implicit in theorem 3.3 is typically signi cantly tighter than the bound in
(7) or its equivalent form (10). The argumert for the improved tightness of theorem 3.3 over (10) is similar
to the argumert for (9). More speci cally, considera hypothesish for which the bound in (10) is signi cantly
lessthan 1/2. Since$(ddjee ) InjH|, the setof valuesof q satisfying the condition in theorem 3.3 must

all be signi cantly lessthan 1/2. But for large m we have that % is small. Soif qis signi cantly

lessthan 1/2 then all hypothesesin H(ddjee ) have empirical error rates signi cantly lessthan 1/2. But
for most hypothesisclassesg.g., decisiontrees, the set of hypotheseswith empirical error rates far from 1/2
should be an exponertially small fraction of the class. Hencewe get that §(ddyee ) is signi cantly lessthan
InjHj and theorem 3.3 is tighter than (10).

The remainder of this sectionis a proof of lemma 3.2. Our departure point for the proof is the following
lemma from (10).

Lemma 3.4 (McAllester 99) For any measure on any hypothesisclasswe havethe following where E,f (h)
denotesthe expectation of f (h) under the given measure on h.

8 >08S Ee2m eh) eh)? 4m

Intuitiv ely, this lemma states that with high con dence over the choice of the sample most hypotheses
have empirical error near their true error. This allows us to prove that §(ddjee ) bounds s(ddjeg. More



speci cally, by consideringthe uniform distribution on H(%), lemma 3.4 implies the following.

@m 1(e(h) e(h)? 4m
e am
Bn X
@m 1(e(h) ehn2  8M 1
Pth mL e E
@m 1e(h) ehn2  8M 1
Pth mL e E
8 s 9
< 8m =
K. , In(8m) 1. k..
h2H(—): jé(h) e(h ZiH (—
: (m) je(h) e(h)j m 1 5] (m)J
8 s 9
< 8m \ =
k k 1 In(2™) 1 k
h2H(=): jéeh —j =+ ZiH (—=)j
: (m) je(h) oot om 1 5l (m)J

H(%) 2 # %: 2m

Lemma 3.2 now follows by quanti cation over q2 f%; i omg.

4. Asymptotic Analysis and Phase Transitions

This section and the two that follow give an asymptotic analysis of the bounds preseried earlier. The
asymptotic analysisis stated in theorem 4.1 and statemert 6.1. To dewelop the asymptotic analysis, however,
a preliminary discussionis neededregarding the phenomenonof phasetransitions. The bounds givenin (9)
and theorem 3.3 exhibit phasetransitions. More speci cally, the bounding expressioncan be discortin uous
in and m, e.qg.,arbitrarily small changesin cancauselarge changesin the bound. To seehow this happens
considerthe following constraint on the quantity q.

2m
D(emyjg ST I (11)

The bound given by (9) is the least upper bound of the values of q satisfying (11). Assumethat m is
su cien tly large that we can think of S(dgqﬂ as a cortin uous function of g which we write ass(g). We can
then rewrite (11) as follows where is a quartit y not depending on g and s(q) doesnot depend on

D(&h)ija)  s(a) + (12)

For g &(h) we know that D (&(h)jjg) is a monotonically increasingfunction of g. It is reasonableto assume
that for ¢ 1=2 we also have that s(q) is a monotonically increasing function of g. But even under these
conditions it is possiblethat the feasiblevaluesof g, i.e., those satisfying (12), can be divided into separated
regions. Furthermore, increasing cancausea new feasibleregionto comeinto existence. When this happens
the bound, which is the least upper bound of the feasible values, can increasediscortin uously. At a more
intuitiv e level, considera large number of high error conceptsand smaller number of lower error concepts.
At a certain con dence level the high error conceptscan be ruled out. But asthe con dence requiremert
becomesmore stringent suddenly (and discortinuously) the high error concepts must be considered. A
similar discortin uity can occur in samplesize. Phasetransitions in shell decomposition bounds are discussed
in more detail by Haussleret al. (5).

Phase transitions complicate asymptotic analysis. But asymptotic analysis illuminates the nature of
phasetransitions. As mertioned in the introduction, in the asymptotic analysis of learning theory bounds
it is important that one does not hold H xed asthe sample size increases. If we hold H xed then

limmip '”‘THJ = 0. But this is not what one expects for large samplesin practice. As the sample size
increasesone typically useslarger hypothesis classes.Intuitiv ely, we expect that even for very large m we
have that ™M s far from zero.



For the asymptotic analysis of the bound in (9) we assumean in nite sequenceof hypothesis classes

H1, H2, H3 ::: and an in nite sequenceof data distributions D1, D, D3, :::. Let sm(%) be s(%) de ned

relativeto Hy, and Dn,. In the asymptotic analysis we assumethat the sequenceof functions Sm(‘r’nﬂ

viewed as functions of q 2 [0; 1], corvergeuniformly to a cortinuous function s(g). This meansthat for any
> 0 there exists a k suc that for all m > k we have the following.

Sm (ddjed
m

892 [0;1] | s(a)j

Given the functions 3n(ee)

error rate é.

and their limit function s(p), we de ne the following functions of an empirical

(

)
m 2m
Bm (&) lub  q:D(¢&ja) Sm (ddjee) + In( =&)

m

B(€) lub fo:D(&jg) s(a)g
The function By, (&) correspondsdirectly to the upper bound in (9). The function B (&) is intended to be the
large m asymptotic limit of By, (&). However, phasetransitions complicate asymptotic analysis. The bound
B (&) neednot be a continuousfunction of & A value of & wherethe bound B (&) is discortin uous corresponds
to a phasetransition in the bound. At a phasetransition the sequenceB, (8) neednot corverge. Away from
phasetransitions, however, we have the following theorem.

Theorem 4.1 If the bound B (&) is continuous at the point & (so we are not at a phasetransition), and
the functions (parameterized by m) S’“(‘r’nﬂ viewal as functions of g 2 [0; 1], convemge uniformly to a
continuous function s(q), then we have the following.

lim Bn(&) = B(&)

Pro of De ne the setFp, (&) asfollows.
(

)
2m
Fm(®  q: D(ejg —mdHe9* nC7)

m

This givesthe following.
Bm (&) = lub Fr (&)

Similarly, de ne F(&; ) and B(&; ) asfollows.
F(& ) fq2[0;1]: D(&jg) s(a)+ 9
B(&; ) lub F(&; )

We rst shaw that the continuity of B (&) at the point & implies the cortinuity of B(&; ) at the point
hé; 0i. We note that there exists a continuous function f (& ) with f (&; 0) = & and such that for any
su cien tly near 0 we have the following.

D(f (&; )iig) = D(&jja)
We then get the following equation.
B(e; )=B(f(x; )
Sincef is cortinuous, and B (&) is cortinuous at the point &, we get that B(&; ) is continuous at the point

he; Oi.
We now prove the lemma. The functions of the form Sm (ddqee)+in 7+ convergeuniformly to the function

s(q). This implies that for any > 0 there exists a k sud that for all m > k we have the following.

2

F(e; ) Fm(& F(& )



But this in turn implies the following.
B(e; ) Bm(&) B(& ) (13)

The lemma now follows from the continuity of the function B(&; ) at the point h8; Oi. |

Theorem 4.1 can be interpreted as saying that for large samplesizes,and for valuesof & other than the
special phasetransition values,the bound has a well de ned value independert of the con dence parameter
and determined only by a smooth function s(g). A similar statemert can be made for the bound in
theorem 3.3 | for large m, and at points other than phasetransitions, the bound is independert of and
is determined by a smooth limit curve.

For the asymptotic analysis of theorem 3.3 we assumean in nite sequenceH 1, H,, Hgs, ::: of hypothesis
classesand an in nite sequenceS;, Sy, Ss, ::: of samplessuch that sample Sy, hassizem. Let Hpy (X )
and 8, %; ) beH(X; )and$(X; ) respectively de ned relative to hypothesisclassH , and sample Sy, .
Let Um(%) be the set of hypothesesin H,, having an empirical error of exactly % in the sample Sy, . Let

um(%) be In(max(1; ij(%)j). In the analysis of theorem 3.3 we allow that the functions Um (0d4EO) ore only
locally uniformly corvergert to a continuous function u(q), i.e., for any q2 [0; 1] and any > O there exists
an integer k and real number > 0 satisfying the following.

Um (ddpeq)
m

8m>k; 8p2(q ;q+ )j u(p)j

Locally uniform corvergenceplays a role in the analysisin section 6.

Theorem 4.2 If the functions ”m(ﬁqﬂ converge locally uniformly to a continuous function u(q) then, for
any xed value of , the functions Wni;) also convemge locally uniformly to u(q). If the convergene of
“m(%ﬂ is uniform, then sois the convergene of ém(d?nw

Pro of Consideran arbitrary valueq?2 [0;1]and > 0. We construct the desiredk and . More speci cally,
selectk su cien tly large and sucien tly small that we have the following properties.

: . Um (ddoeg)
8m > k; 8p2 (q 2,q+2)7m U(p)<§
8p2(a 2:q+2) julp u(@i 3

s
16k?

1, In(*

k 2k 1

nk

k 3

Consideranm > kandp2 (9 ; q+ ). It now suces to show the following.
Sm (dcpeg )
- u(p)

BecauseUn, (ddbed is a subsetof Hy, (ddbee ) we have the following.

Sm(ddpeg )  um(dcpeg
m m

u(p) 3



We can also upper bound Wni;) as follows.

. . X k
JHm (dcpee )] Un m
i% pi
X
eUm (nli_)
i~ pi
X
MU+ 3)
i% pj
X 2
g (u(P)* %)
i% pi
memuP* &)
$(dcpee ) 2 Inm
_ T " 7 u + — + —
-~ P+ z+
u(p) +
A similar argumert shows that if ”m‘ng convergesuniformly to u(q) then so does%. [ |

Given quantities W‘;& that corvergeuniformly to u(q) the remainder of the analysisis identical to
that for the asymptotic analysisof (9). We de ne the following upper bounds.
(

&, (ddgee; + In Am
B (6) b q:D(ejg omiddee )

m

B(e) lub fq:D(&jag) u(a)g

Again we sa that & is at a phasetransition if the function B (&) is discortinuous at the value & We then
get the following whoseproof is identical to that of theorem 4.1.

Theorem 4.3 If the bound B (&) is continuous at the point @ (so we are not at a phasetransition), and the
functions Um%ﬂ converge uniformly to u(q), then we havethe following.

ﬂp@ﬂ@z&@

5. Asymptotic Optimalit y of (9)

Formula (9) can be viewed as providing an upper bound on e(h) asa function of &h) and the function s. In
this section we show that for any curve s and value & there exists a hypothesis classand data distribution
such that the upper bound in (9) is realized up to asymptotic equality. Up to asymptotic equality, (9) is the
tightest possiblebound computable from é(h) and the m numbers s(%), oL s

The classical VC dimensions bounds are nearly optimal over bounds computable from the chosen hy-
pothesiserror rate & ) and the classH. The m numbers s(%), -5, s(%) depend on both H and the data
distribution. Hencethe bound in (9) usesinformation about the distribution and hencecan be tighter than
classicalVC bounds. A similar statemert appliesto the bound in theorem (3.3) computed from the empir-
ically obsenable numbers S(%), 225, 8(!). In this case,the bound usesmore information from the sample
than just é(h). The optimality theorem given here also di ers from the traditional lower bound results for
VC dimensionin that herethe lower bounds match the upper bounds up to asymptotic equality.

The departure point for our optimalit y analysisis the following lemma from (3).

10



Lemma 5.1 (Cover and Thomas) If pis the fraction of heads out of m tossesof a coin wher the true
prokability of headsis p then for g p we havethe following.

1

—— e MD(dip)
m+1

Pr(p 9

This lower bound on Pr(p q) is very closeto Cherno 's 1952 upper bound (1). The tightnessof (9)
is a direct re ection of the tightness(1). To exploit Lemma 5.1 we needto construct hypothesisclassesand
data distributions wheredistinct hypotheseshave independert training errors. More speci cally, we say that
a set of hypothesesfhy; :::; h,g hasindependert training errors if the random variables &(h1), :::, &(hy)

are independert. o o _
By an argumert similar to the derivation of (3) from (1) we can prove the following from Lemma 5.1.
|

(L) In(m+ 1)

ProD(min(p:p)ip)  ——— —— (14)

Lemma 5.2 Let X be any nite set, S a random variable, and [ S;X; ]Qal formula such that for every
x2 X and > OwehavePr([ S;x; 1) ,andPr(8x2 X [ S;x; D= ",,x Pr([ S; x; 1). We then

have8 > 08 S 9x2 X [ Six; M)y

Pro of i -
.. (= n(=
Pr(l S$;x; 5x7) G
Pr(' [ S x: |n(L)]) 1 In( %)
' T X iX]
in( )
e iXJ
Pr(8x2 X: [ S; x; "};lj)]) e (1) =

|
Now de ne h (%) to be the hypothesis of minimal training error in the set H(%). Let gib fx: [ x]g
denote the greatestlower bound (the minimum) of the setfx : [ x]Jg. We now have the following lemma.

Lemma 5.3 If the hypothesesin the classH (ddjee are independentthen8 > 0, 8 S, 8q2 f%; g,

s(q) In(m+1) In(n( My 0
m

n
éth (q) db &: pDmin(& g 2)iig

Pro of Toprovelemma5.3let gbea xed rational number of the form % Assumingindependert hypotheses
we can applying Lemma5.2to (14) to get8 > 0,8 S, 9h 2 H(%),

s(q) In(m+ 1) In(n (%))

D (min (&(h); e(h))ji e(h)) m

Let w bethe hypothesisin H(q) satisfying this formula. We now have&h (g)) &(w) andq % e(w) q
Thesetwo conditions imply 8 > 0,8 S,

D(min(&h (9);0 2)jia) s(q) In(m+1) In(n %)

m

This implies the following.
n

(o]
1
éh (@) gb e: pmin(e;q 2)jig) S(@) In(m+) Infn (7

m

Lemma 5.3 now follows by quarti cation overq2 fL; :::; =g

11



For g 2 [0; 1] we have that lemma 3.1 implies the following.

2m o

n
&h (ddgee) gb &: p gjddgee A o dEM T

m

We now have upper and lower boundson the quartity &h (ddye€) which agreeup to asymptotic equality
| in alarge m limit where Sm (ddgee) corverges(pointwise) to a corntinuous function s(g) we have that the
upper and lower bound on & (ddjed) both corverge (pointwise) to the following.

&h (q) = glb fe:D(&jg s(dg

This asymptotic value of &h (q)) is a cortinuous function of g. Sinceq is held xed in calculating the
bounds on &(ddjee), phasetransitions are not an issueand uniform corvergenceof the functions Sm (ddgee)
is not required. Note that for large m and independent hypotheseswe get that &(h (q)) is determined as a
function of the true error rate q and S(dﬁqﬂ

The following lemma statesthat any limit function s(p) is consistert with the possibility that hypotheses
are independert. This, together with lemma 5.3 implies that no uniform bound on e(h) asa function of &(h)
and jH (%)j, 215, JH(E)) can be asymptotically tighter than (9).

Theorem 5.4 Let s(p) be any continuous function of p 2 [0; 1]. There existsan in nite sequen of hypoth-
esisspacesHq, Hy, Hg, :::, and sequene of data distributions D1, Do, D3, ::: suchthat each classH, has
independent hypothesesfor data distribution D, and such that Sr”(‘rjnﬂ converges (pointwise) to s(p).

Pro of First we show that if jH m(n‘1—)j = e"s(i) then the functions Sm(‘rjnﬂ converge (pointwise) to s(p).
AssumejH m (i-)j = €"s(@). In this casewe have the following.

(09 _ g

Sinces(p) is continuous, for any xed value of p we get that corvergesto s(p).

Recallthat D, is a probability distribution on pairs hx; yi with y 2 f0;1gand x 2 X, for someset X .
We take H,, to be a disjoint union of setsHm(%) where jH m(%)j is selectedas above. Let fq, :::, fy be
the elemens of Hy, with N = jHj. Let X, be the set of all N-bit bit strings and de ne f;(x) to be the
value of ith bit of the bit vector x. Now de ne the distribution D, on pairs hx; yi by selectingy to be 1
with probability 1/2 and then selectingead bit of x independertly wherethe ith bit is selectedto disagree
with y with probability X wherek is sudh that f; 2 Hp (). [

Sm (ddpee)
m

6. Relating 8 and s

In this section we show that in large m limits of the type discussedin section 4 the histogram of empirical
errors neednot corvergeto the histogram of true errors. Soevenin the large m asymptotic limit, the bound
given by theorem 3.3 is signi cantly weaker than the bound given by (9).

Toshow that §(ddyee ) canbe asymptotically di erent from s(ddje€ we considerthe caseof independert
hypotheses.More speci cally, givena cortin uousfunction s(p) we construct anin nite sequencef hypothesis
spacesH1, Hy, Hs, ::: and anin nite sequenceof data distributions D, Dy, D3, ::: using the construction
in the proof of theorem 5.4. We note that if s(p) is di eren tiable with bounded derivativ e then the functions
Sm(‘r’nﬂ cornvergeuniformly to s(p).

For a given in nite sequencedata distributions we generatean in nite sample sequenceSsi, Sy, Ss, :::,
by selectingS, to consistsof m pairs hx; yi drawn [ID from distribution Dy,. For a given sample sequence
and h 2 H,, we de ne &;,(h) and ém(%; ) in a manner similar to &) and &(X; ) but for sample Sp,.
The main result of this sectionis the following.

12



Conjecture 6.1 If each Hy, has independent hypothesesunder data distribution D, and the functions
Sm(‘r’nﬂ converge uniformly to a continuous function s(p), then for any > 0 and p 2 [0; 1], we have the
following with probability 1 over the geneation of the samplesequene.
im Sm(dcpee ) _
m!l m

sup s(o) D (pjja)
q2[0;1]
We call this a conjecturerather than a theorem becausethe proof hasnot beenworked out to a high level
of rigor. Nonethelesswe believe the proof sketch given below can be expandedto a fully rigorous argumernt.
Before giving the proof sketch we note that the limiting value of Sm(d‘r’nw is independert of . This is
consistert with theorem 4.2. De ne $(p) as follows.

8(p)  sup s(@ D(pijo)
q2[0:1]

Note that 8(p) s(p). This givesan asymptotic version of lemma 3.2. But since D (pjjg) can be locally
approximated asc(p )2 (up to its secondorder Taylor expansion),if s(p) is increasingat the point p then
we also get that §(p) is strictly larger than s(p).

Pro of Outline: To prove statemert 6.1 we rst de ne Hy, (p; q) for p;q2 f%; ::1; Mgto bethe set
of all h 2 Hp(g) such that &,(h) = p. Intuitively, Hn(p; q) is the set of conceptswith true error rate
near g that have empirical error rate p. Ignoring factors that are only polynomial in m, the probability of a
hypothesiswith true error rate q having empirical error rate p can be written as (approximately) e MP (Pi@),
Sothe expected size of Hy, (p; ¢) can be written asjH n, (q)je ™P (Pid) | or alternativ ely, (approximately) as
ens(@e mD (pija) or gn(s(@) D(Pia) More formally, we have the following for any xed value of p and q.

im N(max(1; E(H m (ddeg ddied))))

mil m
= max(0; s(g) D(pjjg)

We now shaw that the expectation can be eliminated from the above limit. First, considerdistinct values
of p and g suc that s(gq) D(pjjg) > 0. Sincep and q are distinct, the probability that a xed hypothesis
in Hy (dded is in Hy, (dpee ddjee declinesexponertially in m. Sinces(q) D(pjjg) > 0 the expected
sizeof H, (ddoee ddye€ grows exponertially in m. Sincethe hypothesesare independert, the distribution
of possiblevalues of jH , (ddbee ddajedj becomesessetially a Poissonmassdistribution with an expected
number of arrivals growing exponertially in m. The probability that jH , (ddee ddjeej deviates from its
expectation by as much as a factor of 2 declinesexponertially in m. We say that a sample sequencds safe
after k if for all m > k we have that jH, (ddpee ddjedj is within a factor of 2 of its expectation. Since
the probability of being unsafeat m declinesexponertially in m, for any there exists a k suc that with
probability at least 1 the samplesequencss safeafter k. Sofor any > 0 we have that with probability
at least 1 the sequencds safeafter somek. But sincethis holds for all > 0, with probability 1 such a

kK must exist.
im In(max(1;jH m (ddoeg ddies)))
m!l m
= s(a) D(pjjo)

We now de ne sy (ddee ddjee asfollows.
Sm(dcpee ddjee@ In(max(1l; jHm, (ddpee ddyed)j))

It is also possibleto show for p= g we have that with probability 1 we have that approades
s(p) and that for distinct p and gwith s(g) D(pjjg) O we have that Sm(ddqfnw approaces0. Putting
thesetogether yields that with probability 1 we have the following.

i sm (ddpeg ddjee) _
i T m

sm (ddpee; ddgee)

max(0; s(q) D (pjjq)) (15)
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De ne Un(X) and um (X) asin section4. We now have the following equality.
Un (P) = [ qaf Lo %gHm(p; )

We now show that with probability 1, “mmﬁ approades$(p). First, considera p 2 [0; 1] such that $(p) > 0.
Let Sinces(q) D(qjjp) is a cortinuous function, and [0; 1] is a compact set, supy, 0.1 S(d) D (pjjg) must
be realized at somevalue g 2 [0;1]. Let g be sud that s(q) D(pjg) equals$(p). We have that
Um(dde® sn(ddpee ddy e€. This, together with (15), implies the following.

Um (ddoee)
m

Imllnf 8(p)

The sample sequences \safe" at m and % if jHm (ddbee dd%eej doesnot exceedtwice the expectation of
jHm (ddoee ddy egj. Assuming uniform convergenceof Sm(‘r’nﬂ the probability of not being safeat m and
% declinesexponertially in m at a rate at least as fast asthe rate of decline of the probability of not being
safeat m and ddj ee By the union bound this implies that for a given m the probability that there exists an
unsafe% alsodeclinesexponertially . We say that the sequencas safeafter N if it is safefor all m and % with
m > N. The probability of not being being safeafter N alsodeclinesexponertially with N. By an argumert
similar to that given above, this implies that with probability 1 over the choice of the sequencehere exists a
N sud that the sequencsds safeafter N. But if we are safeat m then jUn, (ddoe€j 2mEjH, (p; ddy eé)j.
This implies the following.

m!1 m
Putting the two bounds together we get the following.
. Um (ddpeg _
a Tom o P

The above argument establishes(to somelevel of rigor) pointwise convergenceof ”mﬁﬂ to 8(p). It
is also possibleto establish a convergencerate that is a cortinuous function of p. This implies that the
convergenceof ”m%ﬂ can be made locally uniform. Theorem 4.2 then implies the desiredresult.

7. Impro vements
Theorem 3.3 has beenimproved in various ways (6):
Removing the discretization of true errors.
Using one-sidedbounds.
Using nonuniform union bounds over discrete values of the form %
Tightening the Cherno bound using direct calculation of Binomial coe cien ts.
Improving Lemma 3.4.

Theseimprovemerts allow the removal of all but oneln(m) terms from the statemert of the bound. However,
they do not improve the asymptotic equations given by theorem 4.1 and statemert 6.1.

A practical dicult y with the bound in theorem 3.3 is that it is usually impossibleto enumerate the
elemerts of an exponertially large hypothesis class and hence impractical to compute the histogram of
training errors for the hypothesesin the class. In practice the valuesof s(%) might be estimated using some
form of Monte-Carlo Markov chain sampling over the hypotheses. For certain hypothesis spacesit might
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also be possibleto directly calculate the empirical error distribution without ewaluating every hypothesis.
For example, this can be done with \partition rules" which, givena xed partition of the input space,make
predictions which are constart on ead partition. If there are n elemers in the partition then there are
2" partition rules. For a xed partition, the histogram of empirical errors for the 2" partition rules can be
computed in polynomial time. Note that the classof decisiontreesis a union of partition rules where the
structure of a tree de nes a partition and the labels at the leaves of the tree de ne a particular partition
rule relative to that partition. Taking advantage of this, it is suprisingly easyto compute a shell bound for
small decisiontrees (6).

8. Discussion & Conclusion

Traditional PAC bounds are stated in terms of the training error and class size or VC dimension. The
computable bound given here is sometimesmuch tighter becauseit exploits the additional information in
the histogram of training errors. The uncomputable bound usesthe additional (unavailable) information in
the distribution of true errors. Any distribution of true errors can be realized in a casewith independert
hypotheses. We have shown that in such casesthis uncomputable bound is asymptotically equal to actual
generalization error. Hencethis is the tightest possiblebound, up to asymptotic equality, over all bounds
expressedas functions of &(h ) and the distribution of true errors. We have also shown that the use of the
histogram of empirical errors results in a bound that, while still tighter than traditional bounds, is looser
than the uncomputable bound even in the large sample asymptotic limit.

One of the goals of learning theory is to give generalization guarantees that are predictive of actual
generalizationerror. It is well known that the actual generalization error can exhibit phasetransitions | as
the sample size increasesthe expected generalization error can jump essetially discortinuously in sample
size. So accurate true error bounds should also exhibit phasetransitions. Shell bounds exhibit these phase
transitions while other bounds such as VC dimension results do not.

The phase transitions can also be interpreted as a statemert about the bound as a function of the
con dence parameter . As the value of is varied the bound may shift essetially discortinuously. To
put this another way, let h be the hypothesis of minimal training error on a large sample. Near a phase
transition in true generalization error (as opposedto a phasetransition in the bound) we may have that
with probability 1 the true error of h is near its training error but with probability =2, say, the true
error of h can be far from its training error. More traditional boundsdo not exhibit this kind of sensitivity
to . Boundsthat exhibit phasetransitions seemto bring the theoretical analysis of generalization closerto
the actual phenomenon.

Acknowledgmen ts: Yoav Freund, Avrim Blum, and Tobias Sche er all provided useful discussionin
forming this paper.
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