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Abstract

We proposea new particle�lter thatincorporatesa modelof costswhen
generatingparticles.Theapproachis motivatedby theobservation that
thecostsof accidentallynot trackinghypothesesmight besigni�cant in
someareasof statespace,andirrelevant in others. By incorporatinga
costmodelintoparticle�ltering, statesthataremorecritical to thesystem
performancearemorelikely to betracked. Automaticcalculationof the
costmodelis implementedusinganMDP valuefunctioncalculationthat
estimatesthe valueof tracking a particularstate. Experimentsin two
mobilerobotdomainsillustratetheappropriatenessof theapproach.

1 Intr oduction

In recentyears,particle�lters [?, ?, ?] havefoundwidespreadapplicationin domainswith
noisy sensors,suchascomputervision androbotics[?, ?]. Particle �lters arepowerful
toolsfor Bayesianstateestimationin non-linearsystems.Thekey ideaof particle�lters is
to approximatea posteriordistribution over unknown statevariablesby a setof particles,
drawn from this distribution.

This paperaddressesa primaryde�ciency of particle�lters: Particle �lter s are insensitive
to coststhat mightarisefromtheapproximatenature of theparticle representation.Their
only criterionfor generatinga particleis theposteriorlikelihoodof a state.

To illustrate this point, considerthe exampleof a SpaceShuttle. Failuresof the engine
systemareextremelyunlikely, even in the presenceof evidenceto the contrary. Should
we thereforenot trackthepossibilityof suchfailures,just becausethey areunlikely? No.
If failure to track suchlow-likelihood eventsmay incur high costs—suchas a mission
failure—thesevariablesshouldbe tracked even when their posteriorprobability is low.
This observation suggeststhat costsshouldbe taken into considerationwhengenerating
particlesin the�ltering process.

This paperproposesa particle�lter thatgeneratesparticlesaccordingto a distribution that
combinesthe posteriorprobability with a risk function. The risk function measuresthe
importanceof a statelocationon futurecumulative costs.We obtainthis risk functionvia
anMDP thatcalculatestheapproximatefuturerisk of decisionsmadein a particularstate.
Experimentalresultsin two roboticdomainsillustratethatourapproachyieldssigni�cantly
betterresultsthana particle�lter insensitive to costs.



2 The “Classical” Particle Filter

Particle �lters area popularmeansof estimatingthestateof partially observablecontrol-
lableMarkov chains[?], sometimesreferredto asdynamicalsystems[?]. To doso,particle
�lters requiretwo typesof information:data,anda probabilisticmodelof thesystem.The
datagenerallycomesin two �a vors: controls(e.g.,robotmotioncommands)andmeasure-
ments(e.g.,cameraimages).Themeasurementat time
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Following commonnotationin thecontrolsliterature,we usethesubscript� to referto an
eventat time

�

, andthesuperscript� to denoteall eventsleadingup to time
�

.

Particle �lters, like any memberof the family of Bayes�lters suchasKalman�lters and
HMMs, estimatetheposteriordistributionof thestateof thedynamicalsystemconditioned
on thedata,��������� �
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where#

� is anormalizationconstant.To calculatethisposterior, threeprobabilitydistribu-
tionsarerequired,which togetherarecommonlyreferredastheprobabilisticmodelof the
dynamicalsystem:(1) A measurementmodel, �)�$�-�"� ���

 , whichdescribestheprobabilityof
measuring�

� whenthesystemis in state�
� . (2) A control model, �����

�
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 , which
characterizestheeffectof controls�

� on thesystemstateby specifyingtheprobabilitythat
thesystemis in state��� afterexecutingcontrol ��� in state�%��'(� . (3) An initial statedistri-
bution, �)����.

 , whichspeci�estheuser'sknowledgeabouttheinitial systemstate.See[?, ?]
for examplesof suchmodelsin practicalapplications.

Eqn.1 is easilyderivedunderthecommonassumptionthatthesystemis Markov:

�����
�

� �

�

�

�

�

 /10325436

� #

�
�)�$�

�
� �

�

�

�

��'��

�

�

�

 

�)���
�

� �

��'��

�

�

�

 

7

098�:9;3<

� #

�%�)�$���"� ���

 

���$�%��� �

��'(�

�

�

�

 

� #

�
�)�$�

�
� �

�

 
&

�)���
�

� �

��'��

�

�

�

�

�
��'��

 

���$�
��'(�

� �

��'(�

�

�

�

 ,+

�
��'��

7

098�:9;3<

� #

�%�)�$���"� ���

 %&

�)������� ���

�

�%��'(�

 

�)���%��'(��� �

��'��

�

�

��'(�

 =+

�%��'(� (2)

Noticethatthis �lter , in thegeneralform statedhere,is commonlyknown asaBayes�lter .
Specialversionsof this �lter includestheKalman�lter , thehiddenMarkov model,binary
�lters, andof courseparticle�lters.

In many applications,thekey concernin implementingthis probabilistic�lter is thecon-
tinuousnatureof thestates� , controls � , andmeasurements� . Evenin discreteversions,
thesespacesmightbeprohibitively largeto computetheentireposterior.

The particle �lter addressestheseconcernsby approximatingthe posteriorusingsetsof
statesamples(particles):
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Theset
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� consistsof J particles�
? @KA
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, for somelargenumberof J (e.g, J
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gether, theseparticlesapproximatestheposterior�����
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� is calculatedrecursively.



Initially, at time
�

�

L

, the particles � ? @KA

.

aregeneratedfrom the initial statedistribution
���$� .

 . The
�

-th particleset
>

� is thencalculatedrecursively from
>

��'(� asfollows:

1 set
>

�

�

>

0

���

�

���

2 for �
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to J do
3 pick the � -th sample�
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6 add �$� ? �!A
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7 endfor
8 for �

�

	

to J do
9 draw � ? @BA

�

from
>

0

���

�

with probabilityproportionalto � ? @BA

�

10 add � ? @BA

�

to
>

�

11 endfor

Lines2 through7 generatesa new setof particlesthatincorporatesthecontrol �(� . Lines8
through10appliesatechniqueknown asresampling[?] to accountfor themeasurement� � .
It is awell-known factthat(for large J ) theresultingweightedparticlesareasymptotically
distributedaccordingto thedesiredposterior[?].

In recentyears,researchershaveactively developedvariousextensionsof thebasicparticle
�lter , capableof copingwith degeneratesituationsthatareoftenrelevantin practice[?, ?,
?, ?]. However, thecommonaimof this rich bodyof literatureis to generatesamplesfrom
theposterior�)������� �

�

�

�

�! . If differentcontrolsat differentstatesinfer drasticallydifferent
costs,generatingsamplesaccordingto theposteriorrunstherisk of notcapturingimportant
eventsthatwarrantaction.Overcomingthis de�ciency is theveryaimof this paper.

3 DecisionTheoretic Particle Filters

Decisiontheoryis principally concernedwith techniquesfor makingan optimaldecision
givenalossstructure.If welet � ���

�

�

 betheexpectedfuturelossgiventhestate� andthe
action � , decisiontheorysuggestswe shouldchooseour actionaccordingto thefollowing
criteria:

argmin�
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We canusetheparticlesin a particle�lter to monte-carlointegratetheseintegralsfor the
purposesof decisionmaking. Unfortunately, thereis no guaranteethat the integralswill
convergequickly. In fact, even if the particleswereeachdrawn independentlyfrom the
statedistribution (they are not - the particlepositionsare corellated)therewould be no
guaranteeof a quickconvergence.

In monte-carlointegration, we are free to choosethe distribution which we draw from
and then likelihood weight the results. What is the optimal distribution to draw from?
Theoptimaldistribution is proportionaltheintegrand � �$�
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 sincetheproblemthen
reducesto themontecarlo integrationof thenormalizationconstant—aprocesswith zero
variance.

We cannot acceptthecostof a full decisiontheoreticapproachsowe mustapproximate.
In particular, wewishto maintainonly onedistributionoverstates.Whatshouldthisdistri-
bution be? In evaluationof theargmin� Thequantityof interestis thedifferencebetween
theexpectedfuturelossof action �

� andaction �
� . Whenthisdifferenceis large,it is more

importantthatthe“right” decisionbemade.Let'scall thedifferencethe“risk”, � ���

 and,as



anef�ciency approximation,forcetherisk to bedependenton only thestate.We will �rst
show how to keepparticlesaccordingto a distribution proportionalto � �$�
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 andthen
provide a techniquefor automaticallyextractingthis risk functionfrom the instantanuous
futureloss,
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 . Ourhopeis thatwereducethevariancein ourestimatesof theoptimal
actionandachievesuperiorperformance.Thishopewill bebornoutby experiments.

3.1 Risk-Sensitive Sampling

Risk-sensitive samplinggeneratesparticlesfactoringin a risk function, � �$�

 . Formally, all
wehaveto askof arisk function � is thatit bepositiveand�nite almosteverywhere.Given
sucha risk function,decisiontheoreticparticle�lters generatesamplesthataredistributed
accordingto

�

� � ��� �

 

���$� � � �

�

�

�

�

 (5)

Here �

�

��� �

�����

 

���$�)� �

�

�

�

�! !+

�




'�� is anormalizationconstantthatensuresthatthetermin

(5) is indeeda probabilitydistribution. Thus,theprobabilitythata statesample� ? @KA

�

is part
of

>

� is notonly afunctionof its posteriorprobability, but alsoof therisk ����� ? @KA

�

 associated
with thatsample.

Samplingfrom (5) is easilyachievedby thefollowing two modi�cationsof thebasicparti-
cle �lter algorithm.First, theinitial setof particles�

? @KA

.

is generatedfrom thedistribution
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Second,Line 5 of theparticle�lter algorithmis replacedby thefollowing assignment:
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We conjecturethat this simple modi�cation resultsin a particle �lter with samplesdis-
tributed accordingto �
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�3 . Our conjectureis obviously true for the
basecase
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, since the risk function � was explicitly incorporatedin the construc-
tion of

>

. (see(6)). By induction, let us assumethat the particlesin
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Substitutingin themodi�ed weight(eqn.7) we �nd the�nal sampledistribution:
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This termis, up to thenormalizationconstant�

�

#

�
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, equivalentto thedesireddistribu-
tion (5) (seealsoeqn.1), whichprovesourconjecture.Thus,thedecisiontheoreticparticle
�lter successfullygeneratessamplesfrom adistribution thatfactorsin therisk � .

3.2 The Risk Function

Theremainingquestionis: What is anappropriaterisk function � ? How importantis it to
trackastate� ? Ourapproachrestsontheassumptionthattherearetwo possiblesituations,



onein which thestateis trackedwell, andonein which thestateis trackedpoorly. In the
�rst situation,weassumethatany controllerwill basicallychosetheright control,whereas
in thesecondsituation,it is reasonableto assumethatcontrolsareselectedanywherebe-
tweenrandomandin theworstpossibleway. To completethismodel,weassumethatwith
small probability, thestateestimatormight move from “well-tracked” to “lost track” and
viceversa.

Theseassumptionsaresuf�cient to formulatean MDP that modelsthe effect of tracking
accuracy on theexpectedcosts.TheMDP is de�ned overanaugmentedstatespace���
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where �
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L1��	

� is a binarystatevariablethatmodelstheevent that theestimatortracks
the statewith suf�cient ( �
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) or insuf�cient ( �
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) accuracy. The variousprobabilities
of the MDP areeasilyobtainedfrom the known probability distributionsvia the natural
assumptionthatthevariable� is conditionallyindependentof thesystemstate� :
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The expressionson the left handsidede�ne all necessarycomponentsof the augmented
model.Theonly unspeci�edtermsontheright handsidearetheinitial trackingprobability
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 andthetransitionprobabilitiesfor thestateestimator�)�
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 . Theformermustbe
setin accordanceto theinitial knowledgestate(e.g.,1 if theinitial systemstateis known,0
if it is unknown). For thelatter, we adopta modelwherewith high likelihoodthetracking
stateis retained(�)�
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TheMDP is solvedvia valueiteration.To modeltheeffectof poortrackingon thecontrol
policy, ourapproachusesthefollowingvalueiterationrule(statedherewithoutdiscounting
for simplicity), in which � denotesthevaluefunction,and � is anauxiliaryvariable:
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This valueiterationrule considerstwo cases:When �

�

	

, i.e., the stateis estimatedsuf-
�ciently accurately, it is assumedthat the controlleractsby minimizing costs. However,
if �

�

L

, thecontrolleradoptsa mixtureof picking theworst possiblecontrol � , anda ran-
dom control. Thesetwo optionsare tradedoff by the gain factor

�

, which controlsthe
“pessimism”of theapproach.

�
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suggeststhatpoor stateestimationleadsto theworst
possiblecontrol.

�
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L

is moreoptimistic, in that control is assumedto be random. Our
experimentshave yieldedindifferentresultsrelative to thechoiceof

�

, andwe use
�

�

L1���

for all experimentsreportedhere.

Finally, the risk � is de�ned asthedifferencebetweenthevaluefunction thatarisesfrom
accurateversusinaccuratestateestimation:
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Undermild assumptions,�����

 canbeshown to bestrictly positive.



4 Experimental Results

We have appliedour approachto two complimentaryreal-world robotic domains:robot
localization, and mobile robot diagnostics. Both yield superiorresultsusing our new
decision-theoreticapproachwhencomparedto thestandardparticle�lter .

4.1 Mobile Robot Localization

Our �rst evaluationdomaininvolvestheproblemof localizinga mobilerobot from sensor
data[?]. In our experiments,we focusedon themostdif�cult of all localizationproblems:
The kidnappedrobot problem[?]. Herea well-localizedrobot is “tele-ported” to some
unknown locationandhasto recover from this event. This problemplaysan important
role in evaluatingthe robustnessof a localizationalgorithm. Figure1a shows the robot
Pearl,which hasrecentlybeendeployedin anassistedliving facility asanassistantto the
elderly andcognitively frail. Our studyis motivatedby the fact that someof the robot's
operationalareais a denselycluttereddiningroom,wheretherobotis notallowedto cross
certainboundariesdueto thedangerof physicallyharmingpeople.Theseboundariesare
illustratedby theblackcontoursshown in Figure1b,whichalsodepictsanoccupancy grid
mapof thefacility. In this area,therobot'ssensorareinsuf�cient to avoid collisions,since
they canonly senseobstaclesatonespeci�c height(34cm).

Figure2ashowstherisk function � , projectedinto 2D. Thedarkera location,thehigherthe
risk. A samplesetdrawn from this risk function is shown in Figure2b. This sampleset
representsauniformposterior;However, sincedecisiontheoreticparticle�lters incorporate
therisk functioninto thesamplingprocess,thedensityof samplesis proportionalto therisk
function � .

Numericalresultsaresummarizedin Table1, usingdatacollectedin thefacility at dinner
time. Werantwo typesof experiments:First,wekidnappedtherobottoany of thelocations
markedA, B, andC in Figure1, andmeasuredthenumberof sensorreadingsrequiredto
recover from this global failure. All threelocationsarewithin the high-risk areaso the
recovery time is signi�cantly shorterthanwith plain particle�lters. Second,we measured
the numberof timesa simple-mindedplannerthat always looks at the most likely pose
would violatethesafetyconstraint.Herewe �nd thatour approachis approximatelytwice
assafeastheconventionalparticle�lter , at virtually thesamecomputationalexpense.All
experimentswererepeated20 times,andrely on real-world dataandoperatingconditions.

4.2 Mobile Robot Diagnosis

To evaluateour approachin a secondandsomewhatcomplimentaryproblemdomain,we
appliedit to a challengingrobotdiagnosticsproblem,for therovershown in Figure3. Our
evaluationinvolvesa datasetwherethe rover is drivenwith a varietyof differentcontrol
inputs in the normal operationmode. At the

	

�

���

time step,wheel #3 becomesstuck
andlockedagainsta rock. Thewheelis thendriven in thebackwarddirection,�xing the
problem.Theroverreturnsto thenormaloperationmodeandcontinuesto operatenormally
until thegearon wheel#4 breaksat the �

L����

time step. This fault is not recoverableand
thecontrollerjustaltersits input basedon this state.

Trackingresultsin Figure4 show thatour approachyieldssuperiorresultsto thestandard
particle�lter . Eventhoughfailuresarevery unlikely, our approachsuccessfullyidenti�es
themdueto thehigh risk associatedwith sucha failurewhile theplainparticle�lter essen-
tially fails to do so. Theestimationerroris shown in thebottomrow of Figure4, which is
0 for our approachwhen1,000or moresamplesareused.Particle�lters exhibit non-zero
errorevenwith 100,000samples.



(a)

�

�

� �

A
�

� �

B

�

C

(b)

Figure1: (a)RobotPearl,asit interactswith elderlypeopleatanassistedliving facility in Oakmont,
PA. (b) Occupancy grid map. Shown herearealsothreetestinglocationslabeledA, B, andC, and
regionsof high costs(blackcontours).

(a) (b)

Figure 2: (a) Risk function � : thedarker a location,thehighertherisk. This function,which is used
in the proposaldistribution, is derived from the immediaterisk function shown in Figure1b. (b)
Sampleof a uniformdistribution, takinginto considerationtherisk function � .

5 Discussion

We have proposeda new particle�lter algorithmthatconsidersa costmodelwhengener-
atingsamples.Thekey ideais thatparticlesaregeneratedin proportionto their posterior
likelihood(old idea)and to the risk that arisesrelative to a control goal (new idea). An
MDP algorithmwasdevelopedthatcomputestherisk functionasadifferentialcumulative
cost. Experimentalresultsin two robotic domainsshow the superiorperformanceof our
new approach.
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standard�lter decisiontheoretic�lter
stepsto re-localizewhenportedto A 120

�

13.7 89.3
�

12.3
stepsto re-localizewhenportedto B 301

�

35.2 203
�

37.6
stepsto re-localizewhenportedto C 63.2

�

6.2 57.2
�

7.7
numberof violationsafterglobalkidnapping 96.1

�

14.1 57.4
�

10.3

Table 1: Localizationresultsfor the kidnappedrobot problem, which emulatesa total localization
failure.Ournew approachrequiresconsistentlyfewer stepsfor re-localization,andinferslesscost.
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Figure 4: Trackingcurvesobtainedwith (a) plain particle�lters, and(b) our new decisiontheoretic
�lter . Thebottomcurvesshow theerror, which is muchsmallerfor ournew approach.


