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Abstract

For a Markov Decision Processwith nite
state (size S) and action spaces(size A per
state), we proposea new algorithm|Dela yed
Q-Learning. We prove it is PAC, achieving
near optimal performance except for G(SA)
timesteps using O(SA) space,improving on
the O(S?A) bounds of best previous algo-
rithms. This result provese cien t reinforce-
ment learning is possible without learning a
model of the MDP from experience. Learning
takesplacefrom a single cortin uousthread of
experience|no resets nor parallel sampling
is used. Beyond its smaller storage and ex-
perience requiremerts, Delayed Q-learning's
per-experiencecomputation costis much less
than that of previous PAC algorithms.

1. Intro duction

In the reinforcemert-learning (RL) problem (Sutton
& Barto, 1998), an agert acts in an unknown or in-
completely known ervironment with the goal of max-
imizing an external reward signal. One of the funda-
mental obstaclesin RL is the exploration-exploitation
dilemma: whether to act to gain new information (ex-
plore) or to act consisterilly with past experienceto
maximize reward (exploit). This paper modelsthe RL
problem as a Markov Decision Process(MDP) envi-
ronment with nite state and action spaces.

App earing in Proceedings of the 23"Y International Con-
ference on Machine Learning, Pittsburgh, PA, 2006. Copy-
right 2006 by the author(s)/o wner(s).

When ewaluating RL algorithms, there are three es-
sential traits to consider: space complexity, computa-
tional complexity, and sample complexity. We de ne
a timestepto be a single interaction with the erviron-
ment. Spacecomplexity measureghe amount of mem-
ory required to implement the algorithm while compu-
tational complexity measureghe amount of operations
neededto executethe algorithm, per timestep. Sam-
ple complexity measuresthe amournt of timesteps for
which the algorithm does not behave near optimally
or, in other words, the amount of experienceit takes
to learn to behave well.

We will call algorithms whose sample complexity can
be bounded by a polynomial in the environment size
and approximation parameters, with high probabil-
ity, PAC-MDP (Prokably Approximately Correct in
Markov Decision Processey. All algorithms known
to be PAC-MDP to date involve the maintenance
and solution (often by value iteration or mathemat-
ical programming) of an internal MDP model. Such
algorithms, including Rmax (Brafman & Tennenholtz,
2002), E3 (Kearns & Singh, 2002), and MBIE (Strehl
& Littman, 2005), are called model-tasel algorithms
and have relativ ely high spaceand computational com-
plexities. Another classof algorithms, including most
forms of Q-learning (Watkins & Dayan, 1992), make
no e ort to learn a model and can be called model free.

It is dicult to articulate a hard and fast rule di-
viding model-free and model-based algorithms, but
model-basedalgorithms generally retain sometransi-
tion information during learning whereas model-free
algorithms only keep value-function information. In-
stead of formalizing this intuition, we have decidedto
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adopt a crisp, if somewhatunintuitiv e, de nition. For
our purposes,a model-free RL algorithm is one whose
spacecomplexity is asymptotically lessthan the space
required to store an MDP.

Denition 1 A learning algorithm is said to be
mo del free if its space complexity is always o(S?A),
where S is the number of statesand A is the number
of actions of the MDP usel for learning.

Although they tend to have low spaceand computa-
tional complexity, no model-free algorithm has been
proven to be PAC-MDP. In this paper, we presern a
new model-freealgorithm, Delayed Q-learning , and
proveit is the rst sud algorithm.

The hardnessof learning an arbitrary MDP as mea-
sured by sample complexity is still relatively unex-
plored. For simplicity, welet O() (T )) represer O()
(( ) wherelogarithmic factors are ignored. When we
consider only the dependenceon S and A, the lower
bound of Kakade (2003) says that with probability
greaterthan 1 |, the samplecomplexity of any algo-
rithm will be T SA). Howewer, the best upper bound
known provides an algorithm whose sample complex-
ity is O(S2A) with probability at least1 . In other
words, there are algorithms whose sample complex-
ity is known to be no greater than approximately the
number of bits required to specify an MDP to xed
precision. However, there hasbeenno argumert prov-
ing that learning to act near-optimally takes as long
as approximating the dynamics of an MDP. We solve
this open problem, rst posedby Kakade (2003), by
showing that Delayed Q-learning has sample complex-
ity O(SA), with high probability. Our result therefore
provesthat e cient RL is possiblewithout learning a
model of the environment from experience.

2. De nitions and Notation

This section introducesthe Markov Decision Process
notation used throughout the paper; see Sutton and
Barto (1998) for an introduction. An MDP M is a
v etuple KS;A; T;R; i, whereS is the state space,A
is the action space,T : S A S! R s a transi-
tion function, R: S A! Risareward function, and
0 < lisadiscourt factor on the summedsequence
of rewards. We alsolet S and A denotethe number of
states and the number of actions, respectively. From
state s under action a, the ager receives a random
reward r, which has expectation R(s;a), and is trans-
ported to state s®with probability T(sYs;a). A policy
is a strategy for choosing actions. Only deterministic
policiesare dealt with in this paper. A stationary pol-
icy is one that producesan action basedon only the

current state. We assumethat rewards all lie between
Oand 1. For any policy , let V,, (s) (Qy (s;a)) denote
the discourted, in nite-horizon value (action-value or
Q-value) function for in M (which may be omitted
from the notation) from state s. If T is a positive in-
teger, let V,, (s; T) denotethe T-steg,valuefunction of
policy . Specically, V,,(s) = E[ 1-1:1 I 1] and
Vy (s;T) = E[ J-Tzl j 1r;i] where [rq;r2;::] is the
reward sequencegeneratedby following policy from
state s. These expectations are taken over all possi-
ble in nite paths the agert might follow. The optimal
policy is denoted  and has value functions V,, (s)
and Q,, (s;a). Note that a policy cannot have a value
greaterthan 1=(1 ) in any state.

3. Learning E cien tly

In our discussion,we assumethat the learner receives
S, A, , ,and asinput. The learning problem is
de ned as follows. The agert always occupiesa sin-
gle state s of the MDP M. The learning algorithm
is told this state and must selectan action a. The
agert receivesa reward r and is then transported to
another state s® accordingto the rules from Section 2.
This procedure then repeats forever. The rst state
occupied by the agert may be chosenarbitrarily .

There hasbeenmuch discussionin the RL community
over what de nes e cien t learning or how to de ne
samplecomplexity. For any xed , Kakade(2003)de-
nes the sample complexit y of exploration (sam-
ple complexity, for short) of an algorithm A to be the
number of timesteps t such that the non-stationary
policy at time t, A, is not -optimal from the current
state!, s; at time t (formally VAt(s;) < V (s¢) ).
We believe this de nition capturesthe essencef mea-
suring learning. An algorithm A is then said to
be PAC-MDP (Probably Approximately Correct in
Markov Decision Processes)if, for any and , the
samplecomplexity of A is lessthan somepolynomial in
the relevant quartities (S;A; 1=; 1= ;1=1 )), with
probability at least 1

The above de nition penalizesthe learner for exe-
cuting a non- -optimal policy rather than for a non-
optimal policy. Keepin mind that, with only a nite

amournt of experience, no algorithm can identify the
optimal policy with complete con dence. In addition,
due to noise, any algorithm may be misled about the
underlying dynamics of the system. Thus, a failure
probability of at most is allowed. SeeKakade (2003)
for a full motivation of this performance measure.

!Note that A: is completely dened by A and the
agert's history up to time t.
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4. Delayed Q-learning

In this section we describe a new reinforcemern-
learning algorithm, Delayed Q-learning.

Delayed Q-learning maintains Q-value estimates,
Q(s;a) for eadh state-action pair (s;a). At time
t(= 1;2;::2), let Qi(s;a) denote the algorithm's cur-
rent Q-value estimate for (s;a) and let V;(s) denote
maxa2a Qi(s;a). The learner always acts greedily
with respect to its estimates, meaningthat if s is the
tth state reached, a°:= argmax,, » Q:(s; ) is the next
action chosen.

In addition to Q-value estimates,the algorithm main-
tains a Boolean ag LEARLS;a), for eadh (s;a). Let
LEARNs;a) denote the value of LEAR[$;a) at time
t, that is, the value immediately before the tth ac-
tion is taken. The ag indicates whether the learner
is considering a modi cation to its Q-value estimate
Q(s;a). The algorithm alsorelieson two free parame-
ters, 1 2 (0;1) and a positive integer m. In the anal-
ysis of Section 5, we provide precisevalues for these
parametersin terms of the other inputs (S, A, , ,
and ) that guarantee the resulting algorithm is PAC-
MDP. Finally, a counter I(s;a) (I¢(s;a) at time t) is
also maintained for ead (s;a). Its value represens
the amount of data (sample points) acquired for use
in an upcoming update of Q(s;a). Once m samples
are obtained and LEAR($; a) is true , an update is at-
tempted.

4.1. Initialization  of the Algorithm

The Q-value estimates are initialized to 1=(1 ),
the counters I(s;a) to zero, and the LEARNags to
true . That is, Qi(s;a) = 1=(1 ), li(s;a) = 0, and
LEARNS;a) = true forall (s;a)2 S A.

4.2. The Up date Rule

Suppose that at time t 1, action a is performed
from state s, resulting in an attempted update, ac-
cording to the rules to be de ned in Section 4.3. Let

sened from executing (s; a), at times k; < k; < <
km, respectively (km = t). For the remainder of the
paper, we also let r; denote the ith reward received
during execution of Delayed Q-learning.

Thus, at time k;, action a was taken from state s,
resulting in a transition to state sy, and an immediate
reward ry, . After the tth action, the following update
occurs:

1 X

Qi (s;a) = = (g + Vi(sk)+ 1 (1)
i=1

as long as performing the update would result in a
new Q-value estimate that is at least ; smaller than
the previous estimate. In other words, the following

equation must be satis ed for an update to occur:
!

1 X
Qt(S;a) E (rki + Vki (Ski )) 21! (2)

i=1

If any of the above conditions do not hold, then no up-
date is performed. In this case,Q:+1 (s;a) = Q:(s;a).

4.3. Main tenance of the LEARN-lags

We provide an intuition behind the behavior of the

LEARNags. Pleasesee Section 4.4 for a formal de-
scription of the update rules. The main computation

of the algorithm is that every time a state-action pair

(s;a) is experiencedm times, an update of Q(s;a) is
attempted asin Section4.2. For our analysisto hold,

however, we cannot allow an in nite number of at-

tempted updates. Therefore, attempted updates are
only allowed for (s;a) when LEARCS;a) is true . Be-
sidesbeing set to true initially , LEAR(S; a) is also set
to true whenany state-action pair is updated (because
our estimate Q(s;a) may needto re ect this change).
LEAR($; a) canonly changefrom true to false when
no updates are made during a length of time for which

(s;a) is experiencedm times and the next attempted

update of (s;a) fails. In this case,no more attempted

updates of (s;a) are allowed until another Q-value es-
timate is updated.

4.4. Implemen tation of Delayed Q-learning

We provide an e cien t implemenrtation, Algorithm 1,
of Delayed Q-learning that achievesour desired com-
putational and spacecomplexities.

4.5. Discussion

Delayed Q-learning is similar in many aspectsto tra-
ditional Q-learning. Supposethat at time t, action a
is taken from state s resulting in reward r; and next-
state s° Then, the Q-learning update is

Qua(sia)= (1  )Q(s;a)+ (re+ V(Y (3

where 2 [0;1] is the learning rate. Note that if
we let ¢ = 1=(li(s;a) + 1), then m repetitions of
Equation 3 is similar to the update for Delayed Q-
learning (Equation 1) minus a small bonus of ;. How-
ever, Q-learning changesits Q-value estimateson every
timestep, while Delayed Q-learning waits for m sam-
ple updates to make any changes. This variation has
an averaging e ect that mitigates someof the e ects
of randomnessand, when combined with the bonus of
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1 Delayed Q-learning

0: Inputs: S, A,m,

1: for all (s;a) do

2. Q(s;a) 1=(1 ) /I Q-valueestimates

3: U(s;a) 0 /I usedfor attempted updates

4: I(s;a) O /I counters

5  t(s;a) O /I time of last attempted update
6: LEARN(s;a) true /I the LEARN ags
7: end for

8:t 0 /I time of most recent Q-value change
9:for t=1;2,3; do

10: Let s denotethe state at time t.

11: Chooseaction a:= argmax,o, » Q(s; 9.

12: Let r be the immediate reward and s the next
state after executing action a from state s.

13: if LEARN(s;a) = true then

14: U(s;a) U(s;a)+ r+ maxeQ(s%ad
15: I(s;a) I(s;a)+ 1

16: if I(s;a) = m then

17: if Q(s;a) U(s;a)=m 2, then
18: Q(s;a) U(s;a)=m+ ;

19: t t

20: else if t(s;a) t then

21: LEARN (s;a) false

22 end if

23: t(s;a) t,U(s;a) O,l(s;a) O
24: end if

25: elseif t(s;a) <t then

26: LEARN (s;a) true

27:  end if

28: end for

1, achievesoptimism (Q(s;a)
probability (seeLemma 2).

Q (s;a)) with high

The property of optimism is useful for safeexploration
and appearsin many existing RL algorithms. The in-
tuition is that if an action's Q-value is overly opti-
mistic the agert will learn much by executing that ac-
tion. Sincethe action-selectionstrategy is greedy the
Delayed Q-learning agert will tend to choose overly
optimistic actions, therefore achieving directed explo-
ration when necessary If su cien t learning has been
completed and all Q-valuesare closeto their true Q -
values, selecting the maximum will guarantee near-
optimal behavior. In the next section, we provide a
formal argumert that Delayed Q-learning exhibits suf-
cient exploration for learning, speci cally that it is
PAC-MDP.

5. Analysis

We briey addressspaceand computational complex-
ity beforefocusingon analyzing the samplecomplexity
of Delayed Q-learning.

5.1. Space and Computational Complexit y

An implementation of Delayed Q-learning, asin Sec-
tion 4.4, can be achieved with O(SA) space com-
plexity?. With use of a priority queue for choos-
ing actions with maximum value, the algorithm
can achieve O(In A) computational complexity per
timestep. Asymptotically, Delayed Q-learning's com-
putational and spacecomplexity are on par with those
of Q-learning. In contrast, the Ry, algorithm, a stan-
dard model-basedmethod, has worst-casespacecom-
plexity of ( S?A) and computational complexity of
( S?A) per experience.

5.2. Sample Complexit y

The main result of this section, whose proof is pro-
vided in Section5.2.1,is that the Delayed Q-learning
algorithm is PAC-MDP:

Theorem 1 Let M be any MDP and let and be
two positive real numbers. If Delayed Q-learning is
exeuted on MDP M, then it will follow an -optimal

H SA 1 1 SA
policy on all but O Wln =In ﬁIn a5

timesteps, with probability at least 1

To analyze the sample complexity of Delayed Q-
learning, we rst bound the number of successfulup-
dates. By Condition 2, there can be no more than
1

T . @
successfulupdates of a xed state-action pair (s;a).
This bound follows from the fact that Q(s;a) is ini-
tialized to 1=(1 ) and that every successfulupdate
of Q(s;a) results in a decreaseof at least ;. Also,
by our assumption of non-negative rewards, it is im-
possiblefor any update to result in a negative Q-value
estimate. Thus, the total number of successfulpdates
is at most SA .

Now, consider the number of attempted updates for
a single state-action pair (s;a). At the beginning of
learning, LEAR[$;a) = true , which meansthat once
(s;a) hasbeenexperiencedm times, an attempted up-
date will occur. After that, a successfulipdate of some

2We measure complexity assuming individual numbers
require unit storage and can be manipulated arithmetically
in unit time. Removing this assumption increasesspace
and computational complexities by logarithmic factors.
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Q-value estimate must take placefor LEAR($; a) to be
setto true . Therefore, there can be at most 1+ SA
attempted updates of (s;a). Hence,there are at most

SA(1+ SA ) ©)
total attempted updates.

During timestep t of learning, we de ne K to be the

set of all state-action pairs (s;a) sud that:
|

T(sYs;ai(sh 31
(6)

Obsene that K, is de ned by the true transition and
reward functions T and R, and therefore cannot be
known to the learner.

Qi(s;a) R(s;a) +

s0

Now, considerthe following statemert:

Assumption Al Suppse an attempted update of
state-action pair (s,a) occurs at time t, and that the
m most recent exgeriences of (s;a) happend at times
ki < ky < < km = t. If (s;a) 62Ky, then the
attempted update will be suaessful.

During any given in nite-length execution of Delayed
Q-learning, the statemert (A1) may be true (all at-
tempted updates with (s;a) 62K, are successful)or
it may be broken (some unsuccessfulupdate may oc-
cur when (s;a) 62K, ). When (s;a) 6XKy,, as above,
our value function estimate Q(s;a) is very inconsis-
tent with our other value function estimates. Thus,
we would expect our next attempted update to suc-
ceed. The next lemma shows this intuition is valid.
Speci cally, with probability at least1 =3, A1 will
be true. We are now ready to specify a value for m:

_ In(BSA(1+ SA )=) .
- 2,20 )2

(7)

Lemma 1 The probability that Al is violated during
execution of Delayed Q-learning is at most =3.

Pro of sketch: Fix any timestep k; (and the complete
history of the agernt up to ki) satisfying: (s;a) 62Ky,
is to be experienced by the agert on timestep k;
and if (s;a) is experiencedm 1 more times after
timestep ki, then an attempted update will result. Let

sequencef m next-state and immediate reward tuples.
Due to the Markov assumption, wheneer the agert is
in state s and choosesaction a, the resulting next-state
and immediate reward are chosenindependerily of the
history of the agert. Thus, the probability that (s;a)
is experiencedm 1 more times and that the result-
ing next-state and immediate reward sequenceequals

Q is at most the probability that Q is obtained by
m independert draws from the transition and reward
distributions (for (s;a)). Therefore,it suces to prove
this lemmaby showing that the probability that a ran-
dom sequenceQ could causean unsuccessfulupdate
of (s;a) is at most =3. We prove this statement next.

Suppose that m and m
next states, are drawn indepen-
dently from the reward and transition distribu-
tions, respectively, for (s;a). By a straightfor-
ward application of the Hoeding bound (with
random variables X; = r[i] + Vi, (Si]), it
can be shown pthat our choice of m guaran-
tees that (1=m) i“ll (rlil+ Wk, (Si)) E[Xil< 1
holds with probability at leastl  =(3SA(1+ SA )).
If it doeshold and an attempted update is performed
for (s;a) using these m samples, then the resulting
update will succeed. To seethe claim's validity, sup-
posethat (s;a) is experiencedat timesk; < k, < <
km = t and at time k; the agert is transitioned to state
s[i] and receivesreward r[i] (causingan attempted up-

date at time t). Then, we have that
I

X o
m (rlil+ Vi (slil))
E[X4]

Qi(s;a)

> Qi(s;a)
We have used the fact that Vi, (s9

1> 271

Vi, (s9 for all

Condition 2 will be satis ed and the attempted update
of Q(s;a) at time kn, will succeed.

Finally, we extend our argumert, using the union
bound, to all possibletimestepsk; satisfying the condi-
tion above. The number of such timestepsis bounded
by the samebound we showed for the number of at-
tempted updates (SA(1+ SA )). 2

The next lemma states that, with high probability,
Delayed Q-learning will maintain optimistic Q-values.

Lemma 2 During exeution of Delayad Q-learning,
Qi(s;a) Q (s;a) holdsfor all timestepst and state-
action pairs (s;a), with protability at least1  =3.

Pro of sketch: It can be shown, by a simi-
lar argumert as in the proof of Lemma 1, that
(1=m) I, (r+ V (sx))>Q(s;a 1 holds,
for all attempted updates, with probability at least
1 =3. Assuming this equation does hold, the
proof is by induction on the timestep t. For the
basecase,note that Qi(s;a) = 1=(1 ) Q (s;a)
for all (s;a). Now, suppose the claim holds for all
timesteps less than or equal to t. Thus, we have
that Qq(s;a) Q (s;a), and V;(s) V (s) for all
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(s;a). Suppose s is the tth state readed and a is
the action taken at time t. |If it doesn't result in
an attempted update or it results in an unsuccessful
update, then no Q-value estimates change, and we
are done. Otherwisepby Equation 1, we have that
Qui(sa) = (=m) ) (g + Vig(s)) + 1
(1=m) I (+ V(s) + 1 Q(sia), by
the induction hypothesis and an application of the
equation from above. 2

Lemma 3 If Assumption Al holds, then the following
statement holds: If an unsuaessful update occurs at
time t and LEARN; (s;a) = false , then(s;a) 2 K.z .

Pro of: Suppose an attempted update of (s;a) oc-
curs at time t. be the m most
recert next-states resulting from executing action a
from state s at times k; < ks < < km = t, re-
spectively. By Al, if (s;a) 62Ky,, then the update
will be successful.Now, supposethat (s;a) 2 Ky, but

the attempted update at time k, may be unsuccess-
ful. However, someQ-value estimate was successfully
updated betweentime ki and time kn, (otherwise Ky,

would equal Ky,). Thus, by the rules of Section 4.3,

LEAR(S; a) will be setto true after this unsuccessful
update (LEARN; (s;a) will be true). 2

The following lemmaboundsthe number of timestepst
in which a state-action pair (s;a) 62 is experienced.

Lemma 4 The number of timestepst such that a
state-action pair (s;a) 62K is experienced is at most
2mSA .

Pro of: Suppose (s;a) 62K is experienced at time

t and LEARNs;a) = false (implying the last at-

tempted update was unsuccessful). By Lemma 3, we
have that (s;a) 2 K1 where t® was the time of the
last attempted update of (s;a). Thus, somesuccessful
update has occurred since time t°+ 1. By the rules
of Section 4.3, we have that LEAR[(S;a) will be set
to true and by A1, the next attempted update will

succeed.

Now, supposethat (s;a) 62K is experiencedat time
t and LEARNs;a) = true . Within at most m more
experiencesof (s; a), an attempted update of (s;a) will
occur. Supposethis attempted update takesplace at
time g and that the m most recert experiencesof (s; a)
happenedat times k; < k; < < km = g. By AL, if
(s;a) 6Ky, , the update will be successful.Otherwise,
if (s;a) 2 K, , then somesuccessfuupdate must have
occurred betweentimes k; and t (since Ky, 6 Ky).
Hence, even if the update is unsuccessful LEAR[$; a)
will remain true , (s;a) 62K g+1 will hold, and the next

attempted update of (s;a) will be successful.

In either case,if (s;a) 62K, then within at most
2m more experiencesof (s;a), a successfulupdate of
Q(s;a) will occur. Thus, reaching a state-action pair
not in K at time t will happen at most 2mSA times.
2

We will make use of the following lemma from Strehl
and Littman (2005).

Lemma 5 (Generalized Induced Inequalit y) Let
M be an MDP, K a set of state-action pairs, M ° an
MDP equalto M on K (identical transition and rewad
functions), a policy, and T some positive integer.
Let Ay be the event that a state-action pair not in
K is enmuntered in a trial genemted by starting from
state s and following for T timestepsin M. Then,

Vi (SiT)  Vyo(s;T) Pr(Am)=1 ):

5.2.1. Proof of the Main Result

Pro of of Theorem 1: Suppose Delayed Q-learning
is run on MDP M. We assumethat Al holds and
that Q(s;a) Q (s;a) holds for all timestepst and
state-action pairs (s;a). The probability that either
one of theseassumptionsis brokenis at most 2 =3, by
Lemmas1 and 2.

Consider timestep t during learning. Let A; be the
non-stationary policy being executedby the learning
algorithm. Let  be the current greedy policy, that
is, for all statess, ((s) = argmax, Q:(s;a). Let s
be the current state, occupied by the agert at time
t. We dene a new MDP, M% This MDP is equal
to M on K; (identical transition and reward func-
tions). For (s;a) 62K, we add a distinguished state
Ss.a to the state spaceof M % and a transition of prob-
ability one to that state from s when taking action
a. Furthermore, Ss.5 self-loops on all actions with re-
ward [Qi(s;a) R(s;@))(1 )= (sothat Vyo(Ssa) =

[Qi(s;a) R(s;a)l= and Qyo(s;a) = Qi(s;a), for any
policy ). Let T = O(31In ﬁ) be large enough
sothat jV,'o(st;T)  Viy'o(St)j 2 (seeLemma 2 of
Kearns and Singh (2002)). Let Pr(Aym) denote the
probability of reaching a state-action pair (s;a) not
in K¢, while executing policy A; from state s; in M

for T timesteps. Let Pr(U) denote the probability of
the algorithm performing a successfulupdate on some
state-action pair (s; a), while executingpolicy A; from
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state s; in M for T timesteps. We have that

VN/?I(St;T)
Virb(s:T)  Pr(Aw)=(1 )
Vo(s; T)  Pr(Am)=(1 ) Pr(U)=(1 )
Vyo(st) 2 (Pr(Am)+ Pr(U)=1 ):

The rst step above follows from Lemma 5%. The sec-
ond step follows from the fact that A; behavesidenti-

cally to ¢ aslong asno Q-value estimate updates are
performed. The third step follows from the de nition

of T above.

Now, consider two mutually exclusive cases. First,
suppose that Pr(Ay) + Pr(U) 2(1 ), mean-
ing that an agen following A; will either perform
a successfulupdate in T timesteps, or encourter
some (s;a) 62K in T timesteps with probability at

least »(1  )=2 (since Pr(Ay or U) (Pr(Awm) +
Pr(U))=2). The former ewvent cannot happen more
than SA times. By assumption, the latter evert

will happen no more than 2mSA times (seeLemma
4). Dene = (2m + 1)SA Using the Hoe d-
ing bound, after O(—r— In1 ) timesteps where
Pr(Ay) + Pr(U) 2(1 ) every state-action pair
will have beenupdated 1=( ;(1 )) times, with prob-
ability at least 1 =3, and no futher updates will
be possible. This fact implies that the number of
timestepst such that Pr(Am) + Pr(U) 21 )is
bounded by O( In 1=), with high probability.

Next, supposethat Pr(AM )+ Pr(U)< (1 ). We

claim that the following holds for all statess:

31 .

0< V() 1

(8)

Viu'o(S)

Recall that for all (s;a), either
Qmo(sia) (when (s;a) 62 Ky), or Qi(s;a)
(R(s;a) + ©T(s9s;a)Vi(s9) 31 (when (s;a) 2
Kt). Note that V,,' is the solution to the following set
of equations:

Qi(s;a) =

Vy'(s) = R(s; (9) + T(s9s; () Vy'o(s9);
s02S

if (s; t(s)) 2 K;

Vno(s) = Qi(s; t(s); if (s; t(s)) 6X:

The vector V; is the solution to a similar set of equa-
tions except with some additional positive reward
terms, eat bounded by 3 ;. Using these facts, we

SLemma 5 is valid for all policies, including non-
stationary ones.

have that
Vit(s)  Via'(ssT)
Vubo(st;T) 2 (Pr(Awm) + Pr(U))=(1 )

Vno(st) 2 2
Vi(st) 3151 ) 2
Vi(s) 3:5(1 ) 22
The third step follows from the fact that Pr(Am) +

Pr(U) < (@ ) and the fourth step from Equa-
tion 8. The last step made useof our assumption that

Ve(st) V (st) always holds.
Finally, by setting 1 := (1 )=9and ,:= =3, we
have that
VA:(St;T) V (st)
is true for all but O( In 1=)
!
SA 1 1 SA
=0 In=1In In
41 )° @ ) @ )

timesteps,with probability at leastl . Weguarantee
a failure probability of at most by bounding the three
sourcesof failure: from Lemmas 1, 2, and from the
above application of Hoe ding's bound. Each of these
will fail with probability at most =3. 2

Ignoring log factors, the best samplecomplexity bound
previously proven has been
!
2
A
o A
T )
for the Rmax algorithm asanalyzedby Kakade (2003).
Using the notation of Kakade (2003)*, our bound of

Theorem 1 reducesto
!

o . SA ;
@a )

It is clear that there is no strict improvemert of the
bounds, since a factor of S is being traded for one
of 1=( (1 )). Nonetheless,to the extent that the
dependenceon S and A is of primary importance,
this tradeo is a net improvemert. We also note that
the best lower bound known for the problem, due to
Kakade (2003),is ~(SA=( (1 ))).

Our analysisof Delayed Q-learning required that  be
lessthan 1. The analysesof Kakade (2003) and Kearns
and Singh (2002), among others, also consideredthe

4The use of normalized value functions reducesthe de-
pendenceon 1=(1 ).



FAL VU UCK-F Icc rairnoreelricti

L Lealingyg

caseof = 1. Here,instead of evaluating a policy with
respect to the in nite horizon, only the next H action-
choicesof the agert cortribute to the value function.
SeeKakade (2003) for a discussionof how to evaluate
hard horizon policies in an online exploration setting.
For completeness,we also analyzed a version of De-
layed Q-learning that works in this setting. We nd
that the agert will follow an -optimal policy for hori-
zonH on all but O(SAH °= #) timesteps, with proba-
bility at leastl . In terms of the dependenceon the
number of states (S), this bound is an improvemen
(from quadratic to linear) over previous bounds.

6. Related Work

There has been a great deal of theoretical work an-
alyzing RL algorithms. Early results include proving
that under certain conditions various algorithms can,
in the limit, compute the optimal value function from
which the optimal policy can be extracted (Watkins
& Dayan, 1992). These cornvergenceresults make no
performanceguarantee after only a nite amount of ex-
perience. Even-Dar and Mansour (2003) studied the
corvergencerate of Q-learning. They showed that,
under a certain assumption, Q-learning corvergesto a
near-optimal value function in a polynomial number of
timesteps. The result requiresinput of an exploration
policy that, with high probability, tries every state-
action pair every L timesteps (for somepolynomial L).
Sud a policy may be hard to nd in someMDPs and
is impossiblein others. The work by Fiechter (1994)
provesthat e cien t learning (PAC) is achievable, via a
model-basedalgorithm, when the agert has an action
that resetsit to a distinguished start state.

Other recert work hasshown that various model-based
algorithms, including E® (Kearns & Singh, 2002),
Rmax (Brafman & Tennenholtz, 2002), and MBIE

(Strehl & Littman, 2005), are PAC-MDP. The bound
from Theorem 1 improves upon those bounds when
only the dependenceof S and A is considered. Delayed
Q-learning is also signi cantly more computationally

e cien t than thesealgorithms.

Delayed Q-learning can be viewed as an approxima-
tion of the real-time dynamic programming algorithm
(Barto et al., 1995), with an added exploration bonus
(of 1). The algorithm and its analysisare also similar
to phasedQ-learning and its analysis(Kearns & Singh,
1999). In both of the above works, exploration is not
completely dealt with. In the former, the transition
matrix is given as input to the agert. In the latter,
an idealized exploration policy, one that samplesev-
ery state-action pair simultaneously, is assumedto be
provided to the agert.

7. Conclusion

We preserted Delayed Q-learning, a provably e cien t
model-freereinforcemert-learning algorithm. Its anal-
ysis solvesan important open problem in the commu-
nity. Future work includes closing the gap between
the upper and lower bounds on PAC-MDP learning
(seeSection 5.2.1). More important is how to extend
the results, using generalization, to richer world mod-
elswith an in nite number of states and actions.
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