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Synonyms

PAC-MDP learning

De�nition

An agent acting in a world makes observations, takes actions, and receives re-
wards for the actions taken. Given a history of such interactions, the agent must
make the next choice of action so as to maximize the long term sum of rewards.
To do this well, an agent may take suboptimal actions which allow it to gather the
information necessary to later take optimal or near-optimal actions with respect to
maximizing the long term sum of rewards. These information gathering actions are
generally considered exploration actions.

Motivation

Since gathering information about the world generally involves taking subopti-
mal actions compared to a later learned policy, minimizing the number of informa-
tion gathering actions helps optimize the standard goal in reinforcement learning.
In addition, understanding exploration well is key to understanding reinforcement
learning well, since exploration is a key aspect of reinforcement learning which is
missing from standard supervised learning settings.

E�cient Exploration in Markov Decision Processes

One simpli�cation of reinforcement learning is the Markov Decision Process set-
ting. In this setting, an agent repeatedly takes an action a, resulting in a transition
to a state according to a conditional probability transition matrix P (s′|s, a) and a
(possibly probabilistic) reward R(s′, a, s) ∈ [0, 1]. The goal is to e�ciently output
a policy π which is ε-optimal over T timesteps. The value of policy π in a start
state s is de�ned as:

η(π, s) = E(a,s,r)T∼(π,P,R)T

T∑
t=1

rt

Which should be read as the expectation over T -length sequences drawn from the
interaction of the policy π with the world as represented by P and R. An ε-optimal
policy π therefore satis�es:

max
π′

η(π′, s)− η(π, s) ≤ ε

1
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A Key Lock Structure MDP

Figure 1. An example of a keylock MDP. The state are arranged
in a chain. In each state, one of the two actions leads to the
next state while the other leads back to the beginning. The only
reward is in the transition to the last state in the chain. Keylock
MDPs defeat simple greedy strategies, because the probability of
randomly reaching the last transition is exponentially small in the
length of the chain.

There are several notable results in this setting, typically expressed in terms of the
dependence on the number of actions A, and the number of states S. The �rst is for
the β-greedy strategy commonly applied when using Q-learning[9] which explores
randomly with probability β.

Theorem. There exists MDPs such that with probability at least 1/2, β-greedy

requires Θ(AS) explorations to �nd an ε-optimal policy.

This is essentially a negative result, saying that a greedy exploration strategy
cannot quickly discover a good policy in some settings. The proof uses an MDP
with a key-lock like structure where for each state all actions but 1 take the agent
back to the beginning state, and the reward is at the end of a chain of states.

It turns out that there exists algorithms capable of �nding a near-optimal policy
in an MDP with only a polynomial number of transitions.

Theorem. For all MDPs, for any δ > 0, with probability 1 − δ, the algorithm

Explicit-Explore-or-Exploit �nds an ε-optimal policy after Õ(S2A) explorations.

In other words, E3[5] requires exploration steps at most proportional to the size
of the probability table driving the dynamics of the agent's world. The algorithm
works in precisely the manner which might be expected: it builds a model of the
world based on it's observations and solves the model to determine whether to
explore or exploit.

It turns out that an even better dependence is possible using the Delayed Q-
learning [8] algorithm.

Theorem. For all MDPs, for any δ > 0, with probability 1 − δ, the algorithm

Delayed Q-learning �nds an ε-optimal policy after Õ(SA) explorations.

The Delayed Q-learning algorithm requires explorations proportional to the size
of the solution policy rather than proportional to the size of world dynamics. At a
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high level, Delayed Q-learning operates by keeping values for exploration and ex-
ploitation of observed state-actions, uses these values to decide between exploration
and exploitation, and carefully updates these values. Delayed Q-learning does not
obsolete E3, because the (nonvisible) dependence on ε and T are worse[7].

This is a best possible result in terms of the dependence on S and A (up to log
factors), as the following theorem [3] states:

Theorem. For all algorithms, there exists an MDP such that with Ω(SA) explo-

rations are required to �nd an ε optimal policy with probability at least 1
2 .

Since even representing a policy requires a lookup table of size SA, this algorithm-
independent lower bound is relatively unsurprising.

Variations on MDP learning. There are several minor variations in the setting
and goal de�nitions which do not qualitatively impact the set of provable results.
For example, if rewards are in a bounded range, they can be o�set and rescaled to
the interval [0, 1].

It's also common to use a soft horizon where the policy evaluation is changed to:

ηγ(π, s) = E(a,s,r)∞∼(π,P,R)∞

∞∑
t=1

γtrt

for some value γ < 1. This setting is not precisely equivalent to the hard horizon,
but since

∑∞

t=
ln 1

ε
+ln 1

1−γ
1−γ

γtrt ≤ ε, similar results are provable with 1
1−γ taking the

role of T and slightly altered algorithms.
One last variation changes the goal. Instead of outputting an ε-optimal policy

for the next T timesteps, we could have an algorithm handle both the exploration
and exploitation, then retrospectively go back over a trace of experience and mark
a subset of the actions as �exploration actions�, with a guarantee that the remainder
of the actions are according to an ε-optimal policy[3]. Again, minor alterations to
known algorithms in the above setting appear to work here.

Alternative Settings. There are several known analyzed variants of the basic
setting formed by making additional assumptions about the world. This includes
Factored MDPs [4], Metric MDPs [2], Continuous MDPs[1], and MDPs with a
Bayesian prior [6].

See Also

Reinforcement Learning, Bandit learning
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