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Abstract

We present an algorithm, called the offset tree, for learning in situations where a
loss associated with different decisions is not known, but was randomly probed.
The algorithm is an optimal reduction from this problem to binary classification.
In particular, it has regret at most(k− 1) times the regret of the binary classifier it
uses, wherek is the number of decisions, and no reduction to binary classification
can do better. We test the offset tree empirically and discover that it generally re-
sults in superior (or equal) performance, compared to several plausible alternative
approaches.

1 Introduction

This paper is about a new learning setting, which can be thought of as anoffline variant of the
contextualk-armed bandit problem.

• Thek-armed bandit problem [14] has been well studied [2, 3, 6]. Inthe basic setting, a
learner repeatedly chooses one ofk actions, and then learns the value of that action (but not
the value of other actions). The goal is to compete with the best constant action over many
rounds. Thecontextualk-armed bandit problem [3, 12] is a variant where the algorithm
receives a feature vectorx before choosing an action, and the goal is to compete with the
best policyπ : x → {1, ..., k} in some set of policies. The key difference between the
bandit setting and the traditional online setting is that inthe former, the information (label)
is observed for the chosen action only.

• Theofflinenature of the problem is new here. Imagine that some existingpolicy (which
we do not control) chooses actions and observes rewards. This process generates a training
set of(x, a, p(a), r) tuples wherex is the feature vector,a is the action chosen,p(a) is the
probability thata was chosen, andr is the reward observed. The goal in the offline version
of the problem is to learn a policy that performs well on future observations. Since the
setting is offline, none of the online algorithms fork-armed bandit ork-armed contextual
bandits are applicable.

Are offline contextual bandit problems interesting? We believe the answer is yes, as supported by
the following applications:

1. Medical Studies. In a number of medical studies, patients are randomly allocated to treat-
ment groups. The typical goal in these studies is to determine if treatmentA is more
effective than treatmentB. Using the techniques described here, we can use the resultsof
the study to build a policy for choosing between treatmentsA andB, conditioned on the
patient history.

2. Content Recommendation. Many internet sites recommend ads, webpages, or news sto-
ries based on user history, search engine queries, or other observable quantities. If some
policy chooses to display these items at random, a reward maybe observed in terms of
whether a user clicks on the item.
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In both of the above settings, it may be tempting to simply usestatistical techniques where we con-
dition on the observations, and then use the empirical expected outcome for different actions. This
approach scales very poorly with the amount of context information, because it requires exponen-
tially many samples in the number of bits of context. As an example, conditioning on the search
engine query might be possible for common queries, but a user’s query sequence, together with the
user’s geographic location, is almost always unique.

Defining the problem If the policy generating the data is deterministic, then it is easy to come
up with examples where it is impossible to predict which policy in a set of policies is preferred.
Given the necessity of randomization, we make a simplifyingassumption that the randomization is
uniform. Although this assumption is often not justified in practice, this is not a significant limitation
because the results can be easily generalized to nonuniformdistributions. For example, one can use
rejection sampling techniques to convert nonuniform distributions into uniform distributions. All our
bounds still hold in this case, up to a constant depending on the ratio of the uniform distribution and
the nonuniform randomizing distribution. One can also directly generalize the proofs to nonuniform
distributions.

Here is a formal description of data generation:

1. Some unknown distributionD(x,~r) generates a feature vectorx and a vector~r =
(r1, r2, ..., rk), where fori ∈ {1, . . . , k}, ri ∈ [0, 1] is the reward of thei-th action.

2. The offline policy chooses an actiona uniformly at random.

3. The rewardra is revealed.

The goal is to learn a policyπ(x) for choosing actiona givenx, with the goal of maximizing the
expected reward. We callD a partial label problem.

Plausible approaches One method of solving a relatively unstudied problem is to reduce it to one
of the problems we know how to solve.

One natural attempt is to regress on the reward givenx anda, and then choose according to the
largest predicted reward. However, this approach has regret (the difference between the incurred loss
and the smallest achievable loss on the problem) that scaleswith the square root of the regressor’s
regret. (A detailed proof of this claim can be found in the appendix.) The rationale for bounding
the regret of the policy on the original problemD in terms of the regret of the regression algorithm
on the induced regression problem is to subtract off the inherent noise in both problems, directly
bounding the excess loss due to suboptimal prediction. The notion of regret is formalized in later
sections.

Another approach is to use the one-step reinforcement learning reduction [20]. Given a random dis-
tributionp(a) over the actions, the basic idea is to createimportance-weightedmulticlass examples
(x, a, ra/p(a)), wherera is the reward received from choosing actiona. The created samples are
then fed into an importance-weighted multiclass classification algorithm, with the output classifier
used to make future predictions. It can be shown that whenp(a) is uniform, the resulting regret on
the original partial label problem is bounded byk times the importance-weighted multiclass regret
(see the appendix). When reduced to binary classification using the standard all-pairs reduction [7],
we get a bound ofk(k−1) times the binary regret. Other multiclass to binary reductions can improve
the dependence onk, but they all yield worse results than our approach.

Our contribution We present the Offset Tree algorithm for reducing the partial label problem to
binary classification. The algorithm uses a trick to remove some of the uncertainty due to the lack
of information. This trick is easiest to understand in the case ofk = 2 choices, covered in Section 2.
When the observed rewardra of our choicea is low, we essentially pretend that the other choicea′

was chosen and a different rewardr′a′ was observed. Precisely how this is done and why this works
is driven by the analysis. This basic trick is composable in abinary tree structure fork > 2, as
described in Section 3.

The Offset Tree reduction guarantees that for any binary classifierc, the regret of the corresponding
policy πc on the original partial label problem is bounded by the regret of c on the induced binary
classification problem, timesk − 1, whereπc is the policy generated by the reduction usingc.

Section 4 proves that no reduction to binary classification has a tighter upper bound. This is the
first nonconstant lower bound proved for learning reductions. Note thatk-class classification can
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be reduced to binary classification with a regret guarantee that does not depend onk. This contrast
suggests that learning in this setting is fundamentally harder than supervised learning. Since the
upper and lower bounds match perfectly, the Offset Tree algorithm is a perfect regret reduction.

An empirical comparison of the three approaches is presented in Section 5.

Prior work The problem considered here is a noninteractive version of the bandits problem with
side information [19], which has been analyzed under various additional assumptions about how the
world behaves [10, 13, 15, 17], including payoffs as a linearfunction of the side information [1, 2].
The Exp4 algorithm [3] has a nice assumption-free analysis.However, it is intractable when the
number of policies we want to compete with is large, and it relies on careful control of the action
choosing distribution.

Sample complexity results for policy evaluation in reinforcement learning [9] and contextual ban-
dits [12] show that an Empirical Risk Minimization type algorithms can succeed in this setting.
Compared to these results, (1) we show that it is possible to efficiently reuse existing, fully super-
vised learning algorithms without the need to modify them, and (2) we show how to best do this.

Transformations from partial label problems to fully supervised problems can be thought of as meth-
ods for dealing with sample selection bias [8], which are heavily studied in Economics and Statistics
(leading to a Nobel prize in Economics in 2000).

2 The Binary Case

An importance-weightedk-class classification problem is defined by a distributionD overX×Y ×
W , whereX is some feature space,Y with |Y | = k is the label space, andW ⊂ [ 0,∞). The goal
is to learn a classifierc : X → Y minimizing theimportance-weighted loss

ℓ(c, D) = E(x,y,w)∼D[w · 1 (c(x) 6= y)],

given training examples of the form(x, y, w) ∈ X × Y × W , wherew is the cost associated with
mislabelingx, and1 is the indicator function which is 1 when its argument is true, and 0 otherwise.

This section deals with the special case ofk = 2. For simplicity, let the two choices be named
1 and−1. The key insight appears in step (1) of Algorithm 1, where importance weighted binary
examples are formed. The offset of1/2 changes the range of importances, effectively derandomizing
the induced problem.

A folk theorem (see [21]) says that for any importance-weighted distributionP , there exists a con-
stantw = E(x,y,w)∼P [w] such that for any predictorh : X → Y ,

E(x,y,w)∼P ′[1(h(x) 6= y)] =
1

w
E(x,y,w)∼P [w · 1(h(x) 6= y)],

whereP ′ is the distribution overX × Y defined by

P ′(x, y, c) =
c

w
P (x, y, c),

marginalized overc. In other words, choosingh to minimize the error rate underP ′ is equivalent to
choosingh to minimize the expected cost underP . Thus, we can convert the importance-weighted
binary examples formed in step (1) of the algorithm into binary examples by re-weighting the under-
lying distribution according to the importances, and then apply any binary classification algorithm
on the re-weighting training set. This conversion can be done using the Costing algorithm [21],
which alters the underlying distribution using rejection sampling on the importance weights.

A binary learning algorithm Classify is used as a subroutine. Once importance-weighted binary
examples are converted into binary examples, they are fed into Classify.

This way, Binary-Offset transforms partial label examplesinto binary examples of the form(x, y),
wherex is a set of feature values andy is a binary label. This process also implicitly transforms a
distributionD defining the partial label problem into a distribution over binary examples. We denote
this distribution by BO(D).

Theerror rateof a classifierc : X → {1,−1} on distribution BO(D) is defined as

e(c, BO(D)) = Pr(x,y)∼BO(D)[c(x) 6= y].
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Algorithm 1 : Binary-Offset (binary learning algorithm Classify, partial label datasetS)

setS′ = ∅
for each(x, a, ra) ∈ S do

Form an importance weighted example

(x, y, w) = (x, sign(a (ra − 1/2)) , 2 |ra − 1/2|) . (1)

Add (x, y, w) to S′.
return Classify(Costing(S′)).

The correspondingbinary regretis given by

rege(c, BO(D)) = e(c, BO(D)) − min
c′

e(c′, BO(D)),

where the min is over all classifiersc′ : X → {1,−1}. Thus regret is the difference between the
incurred loss and the lowest achievable loss on the same problem. The theorem stated below shows
that the binary regret controls the partial label regret. Statements bounding regret are more desirable
than statements bounding losses because regret analysis separates excess loss from unremovable
noise, making the statement nontrivial even for noisy problems.

For thek = 2 partial label case, the policy that a classifierc induces is simply the classifier. The
value of a policyπ is defined as

η(π, D) = E(x,~r)∼D

[

rπ(x)

]

,

and the regret of policyπ is defined as

regη(π, D) = max
π′

η(π′, D) − η(π, D).

We prove a theorem relating the regret ofc on the partial label problemD to the regret ofc on the
induced binary distribution BO(D). Note that the theorem is quantified over all classifiers, which
includes the classifier returned by Classify in the last lineof the algorithm.

Theorem 2.1. (Binary Offset Regret) For all2-class partial label problemsD and all binary classi-
fiersc,

regη(c, D) ≤ rege(c, BO(D)).

The proof is in the appendix.

3 The Offset Tree Reduction

The technique in the previous section can be applied repeatedly using a tree structure to give an
algorithm for generalk. Consider a maximally balanced binary tree on the set ofk choices, which
essentially implements a single elimination tournament onthe choices, conditioned on a given obser-
vationx. Each internal node in the tree is associated with a binary classification problem. Working
from the leaves toward the root, each internal node predictswhich of its two inputs has the larger
expected reward. For each node, TREE(a) returns the binary label defining whether the actiona
comes from left or right subtrees. Each input is either a leafor a winning choice from another
internal node closer to the leaves.

At each node in the tree, the same importance weight offsetting technique is used as in the binary
case described in Section 2.1. The tree structure can be constructed recursively: The root node
contains all choices, or labels. Starting from the root, theset of labels at each internal node is
recursively split in half, until singletons are reached.

The training algorithm, Offset-Tree, is given in Algorithm2. The testing algorithm defining the
predictor is given in Algorithm 3.

The theorem below gives an extension of Theorem 2.1 for general k. To simplify the analysis, we
use a simple trick which allows us to consider only a single induced binary problem, and thus a
single binary classifierc. The trick is to add the node indexn as an additional feature into each
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Algorithm 2 : Offset-Tree (binary learning algorithm Classify, partial label datasetS)
Fix a binary treeT over the choices
for each internal noden in order from leaves to rootdo

Let Sn = ∅
for each sample(x, a, ra) ∈ S such thata is in the leaves of the subtree with rootn and every
internal node on the path fromn to a predictsa do

Let a′ be the other action at noden
If ra < 1/2, add example(x, TREE(a′), 2(1/2 − ra)) to Sn, else add
(x, TREE(a), 2(ra − 1/2))

Let cn = Classify(Costing(Sn))

return {cn}

Algorithm 3 : Offset-Test (classifiers{cn}, unlabeled examplex)

return unique actiona for which every classifiercn from leaf to root prefers the action.

importance weighted binary example created by the algorithm, and then train based upon the union
of all the training sets.

The fact that classifiers are conditionally dependent on other classifiers closer to the leaves causes no
problem since we quantify overall classifiers and thus we can regard the learned classifier as fixed.
In practice, one can either use multiple classifiers (as we doin our experiments) or use iterative
techniques for dealing with the cyclic dependence.

As before, a partial label problemD and the classifierc have a well-defined induced binary classi-
fication problem formed by simply drawing a partial label example and seeing which binary classi-
fication examples the reduction creates. We denote this induced distribution as OT(D). Similarly,
we denote the policy induced by the Offset-Test algorithm using the classifierc by OTc. For the
following theorem, the definitions of regret are from section 2.1.

Theorem 3.1. (Offset Tree Regret)For all k-class partial label problemsD, for all binary classifiers
c,

regη(OTc, D) ≤ rege(c, OT(D)) · E(x,~r)∼D

∑

n(a,a′)∈T

[ |ra − 1/2|+ |ra′ − 1/2| ]

≤ (k − 1) rege(c, OT(D)),

wheren(a, a′) ranges over the(k − 1) internal nodes inT , anda anda′ are its inputs determined
by c’s predictions.

The result in this theorem is the best we know how to accomplish in the worst case. With a little
bit of help, we can however do even better. Instead of using1/2, we can use an arbitrary threshold
t(x, a, a′). The one that minimizes the regret bound turns out to be the median value of the reward
for a and the reward fora′ given x. This has an important implication when designing the tree:
choices which tend to have similar rewards should generallybe grouped together.

4 Lower Bound

This section shows that no method for reducing the partial label setting to binary classification can
do better. First we formalize a learning reduction, which relies upon a binary classification oracle.
The lower bound we prove below holds forall such learning reductions.

Definition 4.1. (Binary Classification Oracle) A binary classification oracle O is a (stateful) pro-
gram that supports two kinds of queries:

1. Advice. An advice queryO(x, y) consists of a single example(x, y) wherex is a feature
set andy ∈ {1,−1} is a binary label. It has no return. An advice query is equivalent to
presenting a training example.
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2. Predict. A predict queryO(x) is made with a feature setx. The return value is a binary
label, either1 or−1.

We typically analyze learning reductions with respect to expectations over examples. However, all
learning reductions work on a per-example basis, and that representation is somewhat easier to work
with here.

Definition 4.2. (Learning Reduction) A learning reduction is two (possiblyrandomized) algorithms
R andR−1.

1. The algorithmR takes a partially labeled example(x, a, ra) and a binary classifica-
tion oracleO as input. It forms a (possibly dependent) sequence of Advicequeries
(x1, y1), (x2, y2), . . ..

2. The algorithmR−1 takes an unlabeled examplex and a binary classification oracleO as
input. It asks a (possibly dependent) sequence of Predict queriesx1, x2, x3, ..., and makes
a prediction dependent only on the Oracle’s predictionsf(y1, y2, . . .).

SinceR has access to the partially labeled example andR−1 does not, it’s goal is to adviseR−1 of
which action to choose. The only means of communication it has is via the Binary Classification
Oracle which adversarially chooses to answer evaluation queries incorrectly.

In this setting, the error rate of the binary classifier is defined for any inputx as the fraction of
advice queriesO(xi, yi) for which evaluation queries are incorrect:O(xi) 6= yi. More generally,
when there is a distribution overx we take the expected value of this fraction.

Theorem 4.1. For all reductionsR, R−1, there exists a partial label problemD and an oracleO
such that

regη(R−1(O), D) ≥ (k − 1) rege(O, R(D)).

The proof is provided in the appendix.

5 Experimental Results

We compared the performance of Offset Tree to two other methods mentioned in the introduction.
Ideally, this comparison would be with a data source in the partial label setting. Unfortunately, data
of this sort is rarely available publicly, so we used many publicly available multiclass datasets and
allowed queries for the reward (1 or 0 for correct or wrong) of only one value per example.

The first method for reducing a partial label problem to a wellknown learning problem is to regress
on the rewards of different choices, either by adding the choice into the features or by learning a
separate regressor for each choice, and then choosing the argmax of the predicted values.

The second method creates importance weighted multiclass examples(x, a, kra), wherea is chosen
uniformly at random from{1, . . . , k} andra is the reward of choosinga. The larger the reward, the
higher the importance of predictinga on x. The created samples are then fed into an importance-
weighted multiclass prediction algorithm, with the outputclassifier used to make predictions on
the test set. (We remove the importances in thek-class problem using the Costing reduction [21],
which can be understood as rejection sampling according to the weight values. The resulting mul-
ticlass problem is reduced to binary classification using the All-Pairs reduction [7], described in the
introduction.) Further details about both methods and their analysis are provided in the appendix.

We performed the comparison on a number of publicly available multiclass datasets [16]. For all
datasets, we report the average result over 10 random splits(fixed for all methods), with2/3 of the
dataset used for training and1/3 for testing.

Figure 1 shows the error rates (in %) of Offset-Tree plotted against the error rates of Regression (left)
and Importance-Weighting (right). Decision trees (J48 in Weka [18]) were used as a base binary
learning algorithm for both Offset-Tree and Importance-Weighting. For the regression approach,
we learned a separate regressor for each of thek choices. (A single regressor trained by adding the
choice as an additional feature performed worse.) M5P and REPTree, both available in Weka [18],
were used as base regression algorithms.
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Figure 1: Error rates (in %) of Offset Tree versus the regression approach using two different base
regression algorithms (left) and Offset Tree versus Importance Sampling (right) on several different
datasets using decision trees as a base classifier learner.

Offset Tree clearly outperforms Regression, in some cases considerably. The advantage over Impor-
tance Weighting is moderate—often the performance is similar and occasionally it is substantially
better.

We did not perform any optimization or parameter tuning. Alldatasets tested are included. Note
that although some error rates appear large, we are choosingamongk alternatives and thus an error
rate of less than1 − 1/k gives an advantage over random guessing. Dataset-specific test error rates
are reported in Table 5.

Properties Single regressor k regressors
Dataset k Examples Weighting M5P REPTree M5P REPTree Partial Tree
ecoli 8 336 0.3120 0.5663 0.3376 0.3752 0.3811 0.2311
flare 7 1388 0.1565 0.1570 0.1685 0.1570 0.1592 0.1506
glass 6 214 0.5938 0.6662 0.5846 0.5800 0.6077 0.5000
letter 25 20000 0.3546 0.6974 0.5491 0.4456 0.5352 0.3790
lymph 4 148 0.2953 0.5267 0.4622 0.3422 0.3400 0.3114
optdigits 10 5620 0.1682 0.5426 0.4108 0.1948 0.2956 0.1649
page-blocks 5 5473 0.0407 0.0590 0.0451 0.0571 0.0465 0.0488
pendigits 10 10992 0.1029 0.2492 0.1840 0.1408 0.1774 0.0976
satimage 6 6435 0.1703 0.2027 0.1968 0.1787 0.1878 0.1853
soybean 19 683 0.6533 0.8824 0.7327 0.7688 0.7473 0.5971
vehicle 4 846 0.3719 0.6142 0.5665 0.3886 0.4114 0.3743
vowel 11 990 0.6403 0.9034 0.8919 0.7440 0.8198 0.6501
yeast 10 1484 0.5406 0.6626 0.5679 0.5406 0.5697 0.4904

6 Discussion

We have analyzed the information-theoretic (or prediction-theoretic) tractability of learning when
we only know the outcome of one alternative from a set ofk alternatives. The Offset-Tree approach
has a worst-case dependence onk − 1 (Theorem 3.1), and no other reduction approach can provide
a better guarantee.

The algorithms presented here show how to learn from one stepof exploration. By aggregating
information over multiple steps, we can learn good policiesusing any binary classification method.
A straightforward extension of this method to deeper time horizons, is not compelling ask − 1 is
replaced bykT in the regret bounds. Due to the lower bound proved here, it appears that further
progress solving reinforcement learning must come with additional assumptions.
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